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0 Introduction

Notation

No exercises!

Brouwer Fixed Point Theorem

Exercise 0.1. As per the hint, observe that if y € G, then we have y = r(y) + (y — r(y)). Obviously, we
have r(y) € H. Moreover, we know that

r(y —r(y)) =r(y) —r(r(y) =0,

and so y — r(y) € kerr. Thus G C H @ kerr.
The reverse is obviously true, since H and ker r are both subgroups of G.

Exercise 0.2. Suppose instead that f : D' — D! has no fixed point. Then consider the continuous map
g: D' — SO given by
1 if f(x) <z
O S
-1 if f(x) >«

Notice that because f(x) # x for all x, the function ¢ is well-defined.

Moreover, we know that f(—1) # —1, since f has no fixed point, and so f(—1) > —1. Thus g(—1) = —1.
Similarly, we have g(1) = 1.

Thus we have g(D') = S°, which is disconnected. This is a contradiction, so f must have had a fixed
point.

Exercise 0.3. Suppose that r is such a retract. Then we have the following commutative diagram:

/\

gn—1 gn—1.
Applying H,,_1, we get another commutative diagram:
Hy,_1(S™)

nlSnl nl(l) nlSnl

We know that H,_1(S™) = 0, however, implying that H,_1(1) = 0. This contradicts the fact that
H,_1(S""1) = Z # 0. Thus the retraction r could not have existed.

Exercise 0.4. Suppose g : D" — X is a homeomorphism. Then we know that g~' o f o g is a continuous
map from D" to itself, and so it has a fixed point . Then we know that ¢g=*(f(g(x))) = z, and so it follows
that f(g(z)) = g(x). Thus g(x) € X is a fixed point of f.

Exercise 0.5. Consider the function A : I x I — I x I given by

h(s,t) = f(s) = g(t) + (s,1).

This is the sum of continuous functions, and so it is itself continuous. Moreover, we know that I x I
is homeomorphic to D!, and so it follows that there is a fixed point (s,t) of h. But this means that
f(s) —g(t) =0, and so we are done.



Exercise 0.6. Observe that z € A”~! must contain some positive coordinate, because a;=landx; >0
for all 4. Since a;; > 0 for every 1, j, it follows that Az contains only nonnegative coordinates and, moreover,
contains at least one positive coordinate. Thus o(Ax) > 0, and so g(x) is well-defined.

Moreover, it is continuous because the linear map A, the map o, and the division function are all
continuous.

Because A" ! & D" it follows that there exists some z with

Ax
x = .
o(Ax)
Then X\ = o(Ax) > 0 is a positive eigenvalue for A and z € A"~ ! is a corresponding eigenvector.

We know that x contains only nonnegative coordinates. Suppose then that some coordinate, say z1, is
zero. Then obviously the first coordinate of Az is zero. However, the first coordinate of Ax is

1121 + a12%2 + + - + A1 Ty = A12T2 + - + A1 Ty

Since > x; = 1 and x; = 0, there exists some k # 1 such that xz; > 0. Then ajxxr > 0, and since each
i already has ay;z; > 0, it follows that the first coordinate of Az is strictly positive, contradicting that
Ax = Az,

Thus the eigenvector x has all positive coordinates.

Categories and Functors

Exercise 0.7. We know that
go(foh)=goly=g

and
(gof)oh=140h=h,

and so associativity implies g = h.
Exercise 0.8.

i) Notice that if 14 and 1/, are both identities, then we must have
A
la=1a01l =1},

which proves the desired result.

(i) If 1’y is the new identity in C’, then we know that 1, € Home: (A4, A) C Home (A, A), and so 14 01/, is
defined. But we know that
1:40114:124:11401:4,

and so implies the result.

Exercise 0.9. Clearly, the Hom-sets are pairwise disjoint, since each i; appears at most once.
It is also obviously associative. In particular, if a < b < ¢ < d, then we know that

i§o (ioif) =i§oil =1,

. . . .b .
and similarly for (zg o zc) oig.

Finally, the map % is the identity on z € X. To see that it is a left-identity, note that if y < x, then
iz 0¥ =Y.
Similarly, we can show that this map is a right-identity as well, and so we are done.

Exercise 0.10. Disjointness is clear, since there is only one object. Because GG is a monoid, it is associative
and has an identity, proving that C is a category.



Exercise 0.11. It is pretty clear that obj(Top) C obj(Topz). Moreover, a continuous map f : X = Y
between two topological spaces corresponds to the map (f,#) in Top® from (X,0) to (Y,®), which then
means that Top can be thought of as a subcategory of Top?.

Exercise 0.12. It is worth noting that Rotman’s definition here is incorrect. The morphisms in M should
be the commutative squares, not merely the ordered pairs (h, k).

Indeed, consider the following counterexample to Rotman’s definition. Let C be the category of sets.
Furthermore, let A be a set with more than one element. Then the following diagrams are both commutative:

/| A—2 44
J/lA J{O J/lA J{O
A—5 {0} A —2 {o}.

This implies that the ordered pair (14,0), where 0 is considered to be the map that sends everything in A
to the zero element, is both in Hom(14,0) and in Hom(0, 0), contradicting disjointness.

If we instead consider morphisms of M to be the commutative squares, where composition is defined by
“stacking” the squares on top of one another, disjointness is clear. After all, the squares contain f and g,
and so Hom-sets of different objects must be disjoint.

Associativity is clear, as the morphisms of C are associative.

Finally, there is an identity 15 for every f € Hom¢ (A, B), namely the one where h =14 and k = 1p.

Exercise 0.13. With the hint, this is clear. In particular, we consider Top? to be the subcategory of the
arrow category of Top in which the objects are inclusions, and Hommgy2 (i, j) = Homrop (i, j).

Exercise 0.14. To see that it is a congruence at all, observe that Property (i) is satisfied because there is
only one Hom-set. Moreover, if z ~ 2’ and y ~ ¢/, then we know that x(z’)~' = h, and y(y')~! = h, for
some hz, h, € H. But then we know that

(y2)(y'2') " = ya(@)Hy) 7 = yha(y) 7
However, since (y') ™! = y~'h,, we know that this is simply
(y2)(y'a") ™" = yhoy~ by,

Because H is normal, we know that yh,y~! € H. Thus the product of this and h,, is in H as well, and so
xy ~ x'y’, as desired.

To see that [*,%] = G/H simply requires the observation that x ~ y if and only if z and y are in the
same coset of H.

Exercise 0.15. This follows from the fact that functors preserve (or, in the case of contravariant functors,
reverse) the directions of the arrows. Thus the resulting diagram still commutes.

Exercise 0.16. Note that for (i)—(iv), we can simply use inverses. For instance, for Set, it suffices to note
that if f is a bijection, then f~! is a bijection, which is clearly true. Similarly, the inverse of a homeomorphism
is a homeomorphism, and the inverse of a group or ring isomorphism is still an isomorphism.

For (v), note that i¥ is defined and satisfies the requirements that 7% o =i and 4} 0¥ = 4.

For part (vi), notice that f~! works because f is a homeomorphism. In particular, it is a bijection, and
so f71(A’) = A. Moreover, it is (bi)continuous since f is.

Finally, for the monoid G, if g has a two-sided inverse h, then hg = gh = 1, which is the identity element
of Hom(G, G).

Exercise 0.17. To prove that 7" is a functor, first observe that criterion (i) of a functor is satisfied because
T does so. Moreover, if [f] € Home/ (A, B), then f € Home (A, B), and so T'([f]) = Tf is a morphism in
&/ . In particular, if [g] o [f] = [g o f] is defined in €”, then g o f is defined in ¥. This means, then, that

T'([glo[f]) =T(go f) = (Tg) o (Tf) =T'([g]) o T"([f])-

Finally, it remains to note that 7"([14]) = T1, = 174 = 17/ (4)) for every object A. Thus 7" is a functor.



Exercise 0.18.

(i) It is clear that tG € obj Ab for every group G. Now suppose that we have a homomorphism f: G — H.
Then we know that ¢(f) is a morphism f|;¢ from ¢tG to tH. To see this, note that it is the restriction of
a homomorphism, and thus is itself a homormophism. Moreover, if z € f(tG), then x = f(y) for some
y € G with finite order. But then there exists some n so that y™ = 1. Thus 2™ = f(y") = 1, and so =
has finite order. But « € f(G) C H implies that x € tH.
Now we must check that ¢ respects composition. Indeed, if g o f is defined, then

t(go f)= (90 fhc =9lrua) o flic:

But f(tG) C tH, and so this is simply

t(go f) =gl o flia =t(g) o t(f),
which proves that composition is respected.
Finally, note simply that ¢(1g) = 1|¢q, which is the identity on tG.

(ii) Suppose that f is an injective homomorphism from G to H. Then suppose that ¢(f)(x) = ¢(f)(y). But
f(@) = flic(x) =t(f)(x), and so it follows that f(z) = f(y). Injectivity of f proves the result.

(i) Let G = Z and H = Z/27Z and let f take even integers to 0 and odd integers to 1. This is evidently
surjective. But tG = {0} while tH = {0, 1}, and so t(f) : tG — tH cannot be surjective.
Exercise 0.19.
(i) If f is a surjection, then consider an arbitrary coset a + pH of H/pH. We know that there exists some
b € G with f(b) = a, and so it follows that F(f) takes b+ pG to a + pH, proving surjectivity of F(f).
(ii) Consider the function f : Z — Z taking = to 2. Then, letting p = 2, we know that F(f) : Z/2Z — 7./27
has F(f)([0]) = F(f)([1]).

Exercise 0.20.

(i) This is evident because R is a ring, and the operations are pointwise.

(ii) By the previous part, we know that if X is a topological space, then C(X) is a ring. Now suppose that
f:X — Y is a continuous map. Then define

C(f):CY)— C(X)

grgof
and note that this is well-defined. Moreover, we know that C(go f)(h) = ho go f, while C(f) o C(g)
takes h to C'(f) o (hog) = hogo f, which proves that C reverses composition. Finally, we know that

C(1,) takes g to go 1x = g and is therefore the identity on C(Y'). Thus C (or, rather, the map taking
X to C(X), to be precise) gives rise to a contravariant functor.



1 Some Basic Topological Notions

Homotopy

No exercises!

Convexity, Contractibility, and Cones

Exercise 1.1. Suppose H : fo ~ f; is a homotopy. Then let F(t) = H(z,t) for some fixed z. It is clear
that F'(0) = o and F'(1) = 1. Moreover, since H is continuous, it follows that so too is F. For the converse,
simply let the homotopy H : fo =~ fi take (z,t) € X x I to F(t).

Exercise 1.2.

(i) There exist functions f : X — Y and g : ¥ — X such that go f ~ 1x and fog ~ 1y. Moreover,
there is a homotopy F : 1x =~ ¢, where ¢ denotes the constant map at some xg € X. Then consider
the map G : Y x I — Y which takes (y,t) to f(F(g(y),t)). In particular, we know that G is continuous
and that it is thus a homotopy from f o g to the constant map ¢’ at yg = f(x0). But then we find that
ly ~ fog~c, and so Y is contractible.

(i) Consider, for example, the subsets X,Y C R? where

X ={(2,0): 2 €[0,1]},

Y:{(x,x):xe {O,;}}U{(aj,l—x):xe {;1”

It is obvious that X is convex, but Y is not, even though there is an obvious homotopy equivalence from
XtoY.

Exercise 1.3. We know that R(z) = e'®z, and so the continuous map F : S* x I — S! given by F(z,t) =
e’y is a homotopy F : 15 ~ R. Thus, if g : S' — S! is continuous, then let § be such that g(1) = g(e*?) =
e’ Then we know that, letting R now be the rotation of —6 degrees, we must have Rog ~ 1g ~ g = ¢g and
(Rog)(1) =1, as desired.

Exercise 1.4.

(i) Pick (z1,91), (z2,y2) € X x Y. Then we know that, for any ¢ € I, we have
txy, 1) + (1= 1) (22,92) = (tor + (1 — O)z2, tys + (1 — t)ya).

The result follows from convexity of X and Y.

(ii) If Fx : 1x ~ cx and Fy : 1y =~ ¢y, where cx and ¢y are constant maps at cx and cy, respectively, then
the map

F:(XxY)xI—>XxY
(m,y,t) = (Fx(l‘,t),Fy(y,t))

is clearly a homotopy from 1xxy to (cx,cy).

Exercise 1.5. It is clear that X is compact. After all, any open cover of X must contain some set U
containing 0, and thus containing cofinitely many elements of X.

If we have a map h : X — Y, then because Y is discrete, we know that {h=!(y) : y € Y} is an open
covering of X and thus by compactness admits a finite subcovering. Thus there are only finitely many
elements of y in the image of h.

Now suppose that f : X — Y is a homotopy equivalence. Then there exists some ¢ : ¥ — X with a
homotopy H : fog~1y. But H({y} x I) is the continuous image of a connected map and is therefore itself
connected. Because Y is discrete, this means that H(y,0) = H(y, 1) for all y. But we know that f has finite
image, and Y is infinite, so there exists some y such that y & im f. In particular, we have y # f(g(y)), and
so H(y,0) = f(g9(y)) # y = 1y (y), a contradiction. Thus X and Y are not of the same homotopy type.



Exercise 1.6. Suppose X is contractible, with F': ¢ ~ 1x, where c is the constant map at p. Note that, for
every © € X, there is a path F(x,t) : {x} x I — X taking = to p € X. In particular, this means that every
x is in the same component as p, proving connectedness.

Exercise 1.7. The map H : X — I — X taking (z,t) to z and (y,t) to z if and only if ¢ > 3 works. Indeed,
note that H~'({z} x I) is simply {z} x TU {y} x (3,1], which is open in X x L

Exercise 1.8.

(i) Consider the map taking the unit interval to St given by t s €27,

(ii) If r : Y — X is a retraction, then we know from 1y ~ ¢ that roly oi ~ rocoi, where ¢ is the injection
X — Y. But the left side is simply 7 o 4 = 1x, while the left side is a constant map, proving the result.

Exercise 1.9. We know that there exists some constant map ¢ with f ~ ¢. But then go f ~ go ¢, and the
right side is a constant map. Thus g o f is also nullhomotopic.

Exercise 1.10. First, suppose that g is an identification. Note that (gf)~'(U) open in X implies that
g 1(U) is open in Y because f is an identification. But the hypothesis on g implies that U is open in Z.
Since gf is clearly a continuous surjection, the result follows.

Now, suppose that gf is an identification. It suffices to prove that ¢g~*(U) C Y open implies that U C Z
is open. But we know by continuity of f that f~!(g~1(U)) is open, and so gf being an identification implies
the result.

Exercise 1.11. First, note that this is a well-defined function in the sense that [z] = [y] in X/~ implies

that f([a]) = f([y]).
This is evidently continuous. After all, suppose that U C Y/O is open. Then we know that

——1
foO) =Alel e X/~:[f(x)] €U} =U".
Ifwelet v: X — X/~ and u:Y — Y/O be the natural maps, then we know that U’ is open in X/~ because
vIU) ={z e X fla) eu  (U)} = M (u™(U))

is open.
— ——1
Finally, we will show that f is an identification. It is obviously surjective. Moreover, if U' = f ~(U) is
open in X/~ then we simply note that a similar argument as above gives us that v=}(U’) = f~}(u=1(U))
is open. Since f and u are identifications, it follows that U was an open set in the first place, proving the
result.

Exercise 1.12. Note that if K C Z is closed, then it is compact and so h(K) is compact in Z, hence itself
closed. Thus h is a closed map, and hence an identification.

Now because v : X — X/kerh is an identification, Corollary 1.9 applies. Indeed, Corollary 1.9 implies
that hv™! = ¢ is a closed map. Thus it is an identification, i.e., a continuous surjection.

But the same corollary also implies that ¢! = vh~! is continuous. This, combined with Example 1.3,
in which it was shown that ¢ is injective, proves the result, as ¢ is now a bicontinuous bijection, i.e., a
homeomorphism.

Exercise 1.13. First observe that f(x) = f(y) implies that [z,¢] = [y,t] and so ¢t = 1. Thus f is injective
and hence bijective onto its image CX; = {[z,t] € CX : © € X}. Then open sets in CX; are precisely of the
form U N CX; for an open set U C CX. But clearly we can assume that [z,1] ¢ U because [z,1] & CX,,
and thus we wind up with X x [0, 1), where CX; = X x {t}. This is obviously homeomorphic to X.

Exercise 1.14. The functor takes amap f: X =Y to Cf : CX — CY given by C([z,t]) = [f(z),t]. Note
that this is well-defined. Moreover, it is obvious that this is satisfies the properties of a functor. Indeed, if
g:Y — Z then

Clgo f)([z,t]) = [9(f(2)), 1] = ((Cg) o (Cf))([z,t])

and clearly C'(1x) is the identity on CX.



Paths and Path Connectedness

Exercise 1.15. Using the hint, suppose that g : I — X is a path with g(0) = (0,a) € A and with g(¢) € G
for all ¢ > 0. Then note that m; o g is continuous for ¢ = 1,2, where m; are the projections to the z- and
y-axes. This implies the existence of an € > 0 such that ¢ € (0,¢) implies that g(t) = (z(t),sin(1/z(t))) has
x(t), |sin(1l/x(t)) — a| < . But this is obviously impossible, as sin(1/z(t)) will oscillate wildly between —1
and 1.

Exercise 1.16. Let (a;) and (b;) be points in S™. We will construct n paths which, when joined together in
the customary fashion (i.e., by traversing each of the n — 1 subpaths in 1/(n — 1) time), will give us a path
from (CLZ) to (bz)

The first path f; is defined as

fl(t) = ((1 — t)a1 + tby, co,as, aq, ..., an),

where ¢35 is chosen to be of the same sign as as and in such a way that f(¢) € S™. Note that such a ¢y always
exists.

In general, for 1 < i < n —1, the path f; will fix every coordinate except for the ¢-th, which it will take
to b;, and the (i + 1)-th, which we use as a “free” coordinate to allow for such adjusting. Moreover, observe
that if the first n — 1 coordinates of two points on S' are the same, then the n-th coordinates either will be
the same or will be negatives.

If joining the paths f1, fa,..., fn—1 together gives a path from (a;) to (b;), then we are done. Note that
this occurs if a,, and b,, have the same sign.

Otherwise, construct a path g which adjusts the n-th coordinate and uses the (n — 1)-th coordinate as a
“free” one, preserving the sign. This effectively allows us to switch the sign of the n-th coordinate so that
the n-th coordinate is just b,. Moreover, because we preserved the sign of the (n — 1)-th coordinate, it is
still equal to b, _1.

Exercise 1.17. It suffices to show the forward direction, so suppose that U is not path connected. Then
there are at least two path components.

We will show that each path component is open, which will prove that U is not connected. But because
U is open, we know that open sets in U (as a subspace) or also open in R™. Thus, for every x € U, there is
a ball B, centered at x and contained in U. This ball is obviously path-connected. As such, if x is in the
path component A, it must follow that B, C A, proving that A is open.

Exercise 1.18. We know that if X is contractible then there exists a point ¢ € X such that 1x is homotopic
to the constant map at ¢ from X to itself. Now consider the map ¢ : I — X satisfying c¢(t) = ¢ for all ¢.
In the proof of Theorem 1.13, we saw that any path is homotopic to ¢. In particular, the constant maps
z:1— X and y: I — X at z and y, respectively, are both homotopic to ¢. Note that these give rise to
paths from x to ¢ and from c to y, respectively, which in turn give rise to a path from x to y. This proves
path connectedness.

Exercise 1.19.

(i) If X is path connected, then let ¢ and ¢’ be constant maps. Let f be a path from (the point) ¢ to (the
point) ¢ and define H : X x I — X as H(x,t) = f(t). Then H is a homotopy from ¢ to ¢
For the reverse direction, let H be a homotopy from c¢ to ¢ and define the path f : I — X as

f(t) = H(c,1).
(ii) Let f: X — Y be a continuous function. Fix some yg € Y and consider the map
H: XxI—-Y
(z,t) = p(2),
where p, is a path from f(x) to yo. This is a homotopy from f to the constant map mapping X to yo.

But if g : X — Y is another continuous function, then the same argument shows that g ~ yo, and so
f ~ g, as desired.



Exercise 1.20. It suffices to show that if a € A and b € B, then there is a path from a to b. But fix some
point x € AN B. Then there is a path from a to x, and a path from z to b. Joining the two paths gives a
path from a to b.

Exercise 1.21. This is simply done by noting that for any (z,y), (z',y’) € X x Y, we can join the paths
f(#) = ((1 =tz +ta’,y) and g(t) = (2/, (1 = t)y + ty/').

Exercise 1.22. Suppose f(a), f(b) € Y. Then let p be a path from a to b in X. Now simply note that
q(t) = f(p(t)) is a path from f(a) to f(b), proving the result.

Exercise 1.23.

(i) We already know that there are at least two path components because the entire space is not path
connected. Moreover, both A and G are path connected, and so it follows that they must themselves be
the path components.

(ii) Simply note that the sequence {(i sin(mr))} C G approaches (0,0) € A.

nm’
(iii) As per the hint, consider U to be the open disk with center (0, 3) and radius 5. Then X N U is open in
X. But note that v(X NU) is not open in X/A ~ [0, 5]. After all, note that any ball B, around the
point 0 (which is the image of A under the natural map in this case) must contain some point % < e.
But n—lﬂ, which corresponds to the point (%, O) € X\ U, is not contained in v(X NU).
Exercise 1.24. By definition, path components are path connected. Moreover, if C' is a path component
and there exists some point z € X and ¢ € C so that there is a path between z and ¢, then the definition of
path components implies that € C. Thus path components are maximally path connected.

Finally, suppose that A is path connected and pick a € A. There exists a unique path component C such
that @ € C. Then for all b € A, we know that there is a path between a and b, and so b € C'. Thus A C C,
as desired.

Exercise 1.25. Simply use and observe that I is path connected.

Exercise 1.26. Note that, if X is locally path connected, then for all z € X, there exists some open path
connected, hence connected, neighborhood V of . Alternatively, note that if U C X is open, then its
components are unions of its path components and thus open.

Exercise 1.27. Given any open subset U of X XY containing a given point (z,y) € X x Y, there must exist
a basic open neighborhood U, x U, C U of (x,y). Then we know that there exists some path connected V,
with = € V, C Uy, and similarly for y. Then V, x Vj, is path connected by The result follows.

Exercise 1.28. Note that open subsets of open subsets are open in the main space. In particular, let
A C X be open. Given any = € A, let U be an open neighborhood of « in A. Note that this is also an open
neighborhood in X, and so there exists an open path connected V in X (and hence open in A as well) such
that z € V CU.

Exercise 1.29. Consider the map F : (R"*1\ {0}) x I — R"*1\ {0} given by
F((@),0) = (1= 1)+ —== | (@)
This is evidently a homotopy which makes S™ a deformation retract.

Exercise 1.30. The exact same map as in [Exercise 1.29 works for this case.

Exercise 1.31. It is easy to see that the deformation retract of a deformation retract is a deformation
retract, either by a direct argument or by applying Theorem 1.22. Thus the previous exercise implies that it
suffices to show that D™\ {0} is a deformation retract of S™ \ {a,b}. But the map (z;) — (21,...,2,—1,0)
is exactly the map needed, and so we are done.

Exercise 1.32. If H : fo ~ fi, then the map H' : (y,t) — H(r(y),t) is a homotopy from fy to fi.
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Exercise 1.33. Let Y = {y} and observe that (z,1) ~y forallz € X. Thus (z,1) ~ (2/,1) for alL z, 2’ € X.
X

Moreover, this is the only equivalence. Thus M is precisely the quotient space (X

/(X x {1}) = CX.

Exercise 1.34.

(1)

We first tackle 4. It is obvious that i is injective, and thus a bijection onto its image i(X) = {[x,0] : « €
X}. Moreover, the open sets in 4(X) are precisely of the U N i(X) for open sets U in Mj.

Note that we can suppose without loss of generality that U is contained in v(X x [0, 1)), where v is
the natural map. Thus U simply looks like the Cartesian product of an open interval with an open set of
X. This proves that 7 is a homeomorphism, for the open sets of i(X) map exactly to the open sets of X.

We can show that j is a homeomorphism onto j(Y) in a similar manner. The main idea is simply
that y ¢ ' for any y,y" € 7(Y).

It is obvious that (rj)(y) = r[y] = y = 1y (y) for any y € Y. It is also clearly continuous by the gluing
lemma. Thus r is indeed a retraction.

Define F': My x I — My as suggested in the hint. It is evident that F' is continuous. Moreover, for any
[x,t] € My, we know that

F([z,1,0) = [2,1]
F(lz.1],1) = [2,1] = [f(z)] € Y.

Similarly, if [y] € Y, then the definition implies that the remaining criteria for this homotopy to induce
a deformation retraction r(x) = F(x,1) are satisfied.

Note that Rotman writes that f is homotopic to roi; in fact, we can and do prove the stronger statement
that f coincides with r o 4.

Let f: X — Y be continuous. Then it is clear that the map f = r o4, where ¢ : X — M/ is an
injection and r : M; — Y is the retraction taking [z,t] to [f(z)] and taking [y] to itself, proving the
result.
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2 Simplexe

Affine Spaces

Exercise 2.1. Note that there is a maximal affine independent subset S of A. This is directly implied by
the fact that any set of greater than n 4 1 elements is not affine independent. Hence we can take an affine
independent subset of A with maximum size (because the empty set is affine independent).

Write S = {po,...,pm}. Then let p,,+1 € A\ S. By maximality of S, we know that S U {p} is not affine
independent. Hence there exist s; not all 0 such that

m—+1 m—+1

Zsipi:(), ZSz:O
i=0 i=0

Note that the second equation implies >~ s; # 0 for some i < m + 1. It follows then that

m

Si
mpi> = Pm+1-
; (Z +1

i=0 Si

But we know that

S;
3
Y e =1,

i=0 Si
and so it follows that p,,11 is in fact in the affine span of S.

Exercise 2.2. Let ¢ be the isomorphism from R™ to a subset of R*. Suppose A C R™ is an affine set
containing X. Then ¢(X) C p(A) C Rk,

Moreover, we claim that ¢(A) is affine. After all, for any ¢(z), p(z') € ¢(A) and any ¢t € R, the point
to(z) + (1 —t)p(a") = p(tx + (1 — t)z’) € ¢(A) because A is affine.

This implies that the intersection of all affine sets in R™ containing X must contain the intersection of all
affine sets in p(R™) containing ¢(X). Because ¢ is an isomorphism, using ¢~! gives the reverse inclusion.
Thus the affine set spanned by X in R” is precisely the same as that spanned by X in R¥.

Exercise 2.3. This is evident in the case n = 0.
Suppose it is true for n —1 and consider the canonical injection ¢ : S"~1 < S™ which takes (xg,...,2Tn_1)
to (z1,...,2Zn—1,0). It is obvious that we can pick n+1 affine independent points py, . . ., p, in this embedding.
Now counsider the point p,+1 = (0,...,0,1) € S™. Notice that the last coordinate of each p; for i # n+1
is zero. Thus suppose we have s; with > s;p; =0 and > s; = 0. Then s,41 = 0, and so this reduces to the
n — 1 case. Affine independence of {po,...,pn} proves the result.

Affine Maps

Exercise 2.4. Consider the map T"(z) = T'(z) — T'(0). We claim that 7" is a linear map.

Observe that S = {e;} U {0} spans R™. Thus we can write any point as the affine sum of elements of S.
Note that the coefficient of the zero vector is flexible, and so we have effectively no restrictions on the sum
of the coeflicients.

Consider arbitrary elements _ r;e; +r -0 and Y s;e; + s-0 in R™, where r = 1 — ) r; and similarly for
s. Let R, S € R. Then note that

T (RZriei + SZ siei) =T (Z(Rri + S’si)ei)
—T (Z(Rm + Ssi)ei + (1 S (Bri+ Ssi)> : o) ~7(0)
= RZ r;T(e;)+ S Z s;T(e;) — RZ r,T(0) — SZ $;T(0).

11 usually use simplices as the plural of simplex, but Rotman doesn’t; no matter.
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Considering the R-terms first, simply observe that we can add and subtract RT'(0) to give us that

RY rT(e;)— RS nT(0) = R (T (Z riT(e:) + 7 - 0) - T(O)) .

This is simply RT" (D r;e;). A similar result holds for the S-terms, from which we conclude that

T’ (RZriei + SZ 5i€i> = RT' (Z 7”1'62') + ST’ (Z Siei> )

proving linearity.
Exercise 2.5. This is obvious from the previous exercise and continuity of linear maps.

Exercise 2.6. Given two m-simplexes [po, ..., pm] and [qo,. - ., Gm], the map f taking p; to ¢; for every i
is a homeomorphism. Bijectivity is obvious by the definition. Continuity is clear by how we extend f from
{p:} to [p;]. Finally, the inverse is of the same form as f, only with the ¢;’s taking the place of the p;’s and
vice versa; thus f~! is also continuous.

Exercise 2.7. The following map works:

to — 1
f:ac»—>82 Sl(x—sl)—l—tl.
2— 81

Exercise 2.8. Pick arbitrary T'(x),T(z') € T(X) and observe that
tT(x)+ (1 —t)T(2) =T(ter + (1 — t)z') € T(X).

Thus T'(X) is affine if X is affine, and convex if X is convex. The second statement of the exercise follows
by noting that ¢ is convex.

Exercise 2.9. Without loss of generality, we delete py. Now suppose that

m m
Zsl-pi—i—sb:O, Zsi—i—s:o.
i=1 i=1

Then we know by definition of the barycenter b that

Zsipi + %H Zpi =0.
i=1 =0

Moreover, letting s; be the coefficient of p; in the above equation, it is obvious that >, s = s+ i s; = 0.
Thus s; = 0 for all ¢ because {po, ..., pm} was affine independent. But then we conclude that 0 = s, = T
and so s = 0. For every i € {1,...,m}, we have 0 = s, = o1 + si- Thus s = 0 implies s; = 0 for every i,a

nd so it follows that {b,p1,...,pm} is affine independent, as desired.

Exercise 2.10. Once again, suppose without loss of generality that ¢ = 0. Then the map taking > ¢;p; €
[P0, P1,- -, Pm] to (30, tipi,to) works. Note that this actually requires the affine independence of the p;’s,
as well as the fact that the coefficients ¢; are all between 0 and 1.

Exercise 2.11. Notice that [0,ey,...,e,], where e; are the standard basis vectors in R", is an n-simplex.
Thus there is a homeomorphism [po, . ..,pn] = [0,€1,...,e,]. If we translate the image by v = (—%7 . —%),
then we can map the result to D™ by taking a radial mapping. In particular, this map will take

v
Po = o7
(vl
e +v .
p; — —— for ¢ # 0.
7 ferrv

Note that this extends to a homeomorphism.
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3 The Fundamental Group

The Fundamental Groupoid
Exercise 3.1. The homotopy H : X x I — Z given by

go(F(x,2t)) ift

<
G(fi(z),2t —1) ift>

1
H: (z,t)— { il
2
works. Continuity follows because go(F(z,1)) = G(f1(z),0).
Moreover, this homotopy is indeed rel A. For a detailed argument why this is so, simply suppose that
a€Aandtel. Ift <1 then F(a,2t) = fo(a) by definition of F. Hence H(a,t) = go(fo(a)).
Similarly, we can show that if ¢ > 1, then H(a,t) = g1(f1(a)). This follows because fi(a) € B and G is
a homotopy rel B.
Tt thus suffices to show that go(fo(a)) = g1(fi(a)). But this is obvious because fy and f; agree on A,
and go and g1 agree on B D fo(A).

Exercise 3.2.

(i) First, note that f’ is well-defined because f(0) = f(1). It is obvious by continuity of f and In that f’ is
continuous.

Moreover, consider the map ‘
H' (¥ t) s H(0,1).

This is clearly continuous, for the same reasons that f’ was continuous. If ¢ = 0, clearly H'(e*™ t) =
H(6,0) = f(0) = f'(e*"%), and similarly for t = 1. Thus H is indeed a homotopy from f’ to ¢'.
To see that it is a homotopy rel{1}, simply note that €27 = 1 corresponds to # = 0,1. Thus it
follows that
H'(1,t) = H(1,t) = f(1)

for all ¢, proving the result.

(ii) Theorem 3.1 implies that fxg ~ f1%g; relI. Using the previous part, we find that (f*g) =~ (fi*xg1) rel{1}.
Now, using the observation that (f * g)’ = f’ * ¢/, we find that f’' ¢’ ~ f{ x g] rel{1}, as desired.

Exercise 3.3. The forward direction is trivial.

For the converse, note that ¢’ is a constant map, and so f’ is nullhomotopic. Then Theorem 1.6 implies
that f' ~ ¢’rel{1}. In particular, note that ¢’ : S — X takes every element of S* to ¢’(1) = ¢(0) = zo.
Observe that f/(1) = o as well, and so it follows that f’ ~ grel{1}, as desired.

Exercise 3.4.

(i) Instead of applying Theorem 1.6, I constructed an explicit homotopy. (If you are interested in a proof
using Theorem 1.6, my guess would be that it relies on the fact that A? ~ D?. However, I have not gone
through the details.)

The effective idea of the homotopy I constructed is to, at time ¢ € [0, 1], return the function which
traverses the first ¢ units of the face opposite ey, then goes along a segment to the point ¢ units away
from e; on the fact opposite es, before returning back to e, as shown in the red path below.

€2
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The specific homotopy H : I x I — X from (og * afl) % 0y to the constant map at e; is as follows:

oo 4(1 ~ 1)) it <l
H(x,t) = o((1—z)eo(1 —t) +zea(t) if 2 <a <,
o(2tx — (2t — 1)) if v > 1.

We leave it to the reader to check that this works.
(ii) Ome can generate a similar homotopy, which we do not do here.

(iii) This time, we use the homotopy which goes up along ~ for ¢ units, before going parallel to 5 and coming
back down along 6 !. The particular formula is as follows:

F(0,4tx) ife <1
H(x,t) =< Fd4z—1,t)  if$<z<3,
F(1,2t(1 —2)) ifi<ua.

Once again, we leave the details to the reader to check.

Exercise 3.5. Simply use the homotopy H : I x I — X x Y which takes (s,t) to (F(s,t),G(s,t)). This
is clearly a homotopy from (fg,g0) to (fi,g1). To see that it is still relI, simply observe that H(0,t) =
(F(0,t),G(0,1)). Because F and G are both rell, it follows that H(0,t) never changes. A similar argument
shows that H(1,t) is always the same, and so H is indeed a homotopy rel I

Exercise 3.6.
(i) It is obvious that the homotopy H' : (x,t) — H(x,1 — t) works.

(ii) This is just some slightly annoying manipulation. In particular, note that

f(2x) ifo <1
- 1
g2z —1) ifz> 3.

(fxg)(x) = {

By replacing x with 1 — x to get the inverse, we find that

_ f(2—2z) ifx>1

(f*9) ' (x) = { ?

g(1—22) ifx<3.

However, note that
-1 : 1
_ _ g (2x) if v > 3,
(g7 = f (@) = { _ .

12z -1) ifz>1

g(l—2z) ifzx<
) f2—22) ifx>

)

N[ D=

Thus the two are indeed the same.

(iii) Take the closed path f(t) = €™ on S'. Then note that (f * f~*)(3) = f(3) = i, while (f 7' * f)(§) =
F7HE) =i

(iv) Suppose i, * f = f and f is not constant. Note that continuity implies that there must exist some
0 <t < 1so that f(t) # p. Thus there exists some k € N so that t < 1 —27%.

We claim, however, that f must be constant on [0,1—27"] for every n € N. We prove this inductively.
Clearly, it is true on n = 0. If it is true on n — 1, then we know that i, * f must be equal to p on [0, 3],
as well as on [3,1 —27"] (note that 1 — 27" comes from 2(1 — 27") — 1, which itself comes from the
equation for the star operator). Thus f is constant on [0,1 — 27"], as desired.

Thus it follows that f(t) = p, a contradiction. Thus f must have been constant in the first place.
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The Functor m;

Exercise 3.7. Recall that we defined the sin(1/x) space as the union of A = {(0,y) : —1 < y < 1} and
G = {(z,sin(1/x)) : 0 < z < 1/27}. We also know that A and G are the path components of the sin(1/x)
space. Moreover, both A and G are contractible, and so every path in either A or G is nullhomotopic. In
particular, we conclude that the fundamental group at any basepoint is trivial.

Exercise 3.8. Let X be the sin(1/z) space. We know that CX is contractible. But consider an open
ball around the point = = ((0,0),0), that is, the point (0,0) on the “zeroth” level of the cone. Consider a
small neighborhood (not including the points (¢, 1), in particular) around this point and pick some element
y = ((g,sin(1/¢)),0) in the neighborhood. Now observe that any path between x and y can be projected
down to a path between (0,0) and (e,sin(1/¢)) in X, which we know does not exist. Hence CX is contractible
but not locally path connected.

Exercise 3.9. Note that composition is associative because o is. Moreover, the path class of the trivial loop
based at p is the identity on p. Thus this is a category.

To see that each morphism in ¢, simply note that the inverse path, i.e., the path f~! taking ¢ to f(1—t),
gives a path class [f~1] which works as an inverse to [f] € Hom(p, q).

Exercise 3.10. We simply let 7y take (X, zg) € Sets, to the set of all path components of X, with basepoint
equal to the path component containing xg. It takes a morphism f € Hom((X, ), (Y, yo)) to the map mo(f)
which takes each path component A of X to the path component B of Y which contains f(A).

Note that this is possible because continuous images of path connected spaces are path connected and
hence contained within a single path component of Y. Moreover, this is indeed a pointed map because the
path component containing xo must be contained in the path component containing f(xg) = yo, which is
the basepoint of 7o ((Y, yo))-

It is easy to check functoriality, completing the proof.

Exercise 3.11. Evidently the only possible path is the constant path at xg. Hence m1 (X, z¢) is the trivial
group, i.e., {1}.
™ (Sl)

Exercise 3.12. Note that 1g is a loop based at 1, i.e., an element of 71 (S*,1). Thus if 71 (S*, 1) were trivial,
then 1g would be nullhomotopic. The hint gives the rest of the solution.

Exercise 3.13. We know that degu = 1. Since 1 is a generator for Z, it follows that [u] generates 71 (S, 1).

Exercise 3.14. Let 4(t) = mf:(t)7 where f is the lifting of f satisfying f(O) = 0. Now simply observe that

expi(t) = (exp f(1)) " = f(1)"
and 4(0) = 0. Thus # is indeed the lifting of f™ taking 0 to 0, and so we conclude that

deg(f™) = (1) = mf(1) = mdeg f.

Exercise 3.15. Note that implies that there is a homotopy F : Ry o f ~ f, where Ry is the
rotation associated with f. Moreover, from the proof of that same exercise, it follows that F' gives a closed
path at every time ¢. Similarly, we have G : g ~ R;0g. Thus if H : f ~ g where H gives a closed path at
every time ¢, then the homotopy which follows F', then H, and finally G is a homotopy between Ry o f and
R, 0 g. Thus Corollary 3.18 implies that f and g have the same degree.

For the converse, simply use Corollary 3.18 to show that deg f = deg g implies that there is a homotopy
rel I taking R¢o f to Rjog. Then using F' and G defined above, it is clear that g @ R0 g~ Rfo f ~ f.

Exercise 3.16. Theorem 3.7 implies that 71 (T, to) = Z x Z = Z*.
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Exercise 3.17. Because D? is contractible, its fundamental group is trivial. Thus if there were to exist a
retraction r : D? — S then r, : 71 (D) — 71 (S') would be a constant. But then, letting i : S' — D? be the
canonical injection, we would have that (r o), = r, o i, is a constant. However, we also know that r o1 is
the identity on S1, and so (7 01), is the identity on 7 (St), which is not a constant. This is a contradiction,
from which we conclude that S is not a retract of D?, as desired.

Exercise 3.18. This was proved in Theorem 0.3, which required only the fact proved in the above problem,
namely that S is not a retract of D?.

Exercise 3.19.

(i) Let f be the unique lifting of f with f(()) = 0. Then if f(l) > 1, the intermediate value theorem implies
that every point in the interval [0,1] C R is in the image of f. But this implies that f = expof must be

surjective, a contradiction.

(ii) Consider the map which traverses the circle once counterclockwise, reaching the point 1 at time ¢ = %7
before looping back and making a clockwise rotation. Clearly it is surjective. However, it is composed of
two loops, one of which has degree 1 and one of which has degree —1. Because deg(f *g) = deg f +degg,

it follows that this map has degree 0.

Exercise 3.20. As per the hint, consider an arbitrary closed path f in X and let A be a Lebesgue number of
the open cover {f~}(U;) :j € J} of I. Note that A exists by the Lebesgue number lemma and compactness
of the unit interval. Picking N € N with N > 1/), it follows that if we subdivide I into N equal intervals
I, = [£, EEL] then f(Iy) C Uj, for some jj, € J.

Define fj as the path in Uj, obtained by restricting f to I and then stretching suitably so that the
domain is all of I. With notation, define fi(t) = f (%) € Uj,. Because fy is a path in Uj,, it follows that
[fi] = [4, o fx] € im(i;)«. But now simply observe that [fj*---* f5_,] = [f], implying that [f] is contained
in the group generated by the subsets im(7;).. This proves the result.

Exercise 3.21. Let U; and U, be defined as in the hint, and let i; be the injection from Uy to S™ for
k =1,2. Observe that, by the previous exercise, it suffices to show that im(iy). is trivial for k =1, 2.

Without loss of generality, let &k = 1. But we know that (i1). takes a closed path f : I — U; to the
path class [i1 o f]. (Note that the basepoint doesn’t really matter for us as long as it is neither the north
nor the south pole.Thus we omit it.) Because U; &~ D™ and is therefore contractible, it follows that f is
nullhomotopic. In particular, we know that i; o f is nullhomotopic, and so [i; o f] = [1] for every f. Thus
im(iq), is trivial, and similarly for k = 2, proving the result.

Exercise 3.22. Corollary 3.11 implies that path connected spaces of the same homotopy type must have
isomorphic fundamental groups. But obviously Z % {1}, and so S and S™ do not have the same homotopy
type for n > 1.

Exercise 3.23. The multiplication map p on G/H is continuous. After all, if we let v be the natural map,
then for any open set U C G/H, we have

pH(U) = {([2], [y]) : 2y € 07U}
But this set is open in G/H x G/H because the set consisting of elements (v=!([z]),v~([y])) for each
([z], [y]) € p=(U) is just p=t(v=1(U)), which is clearly open.
For the inversion map i : G/H — G/H, a very similar argument holds. In particular, for any open set
U C G/H, we have
vENU) = {7 i e v N (U)).
Thus v~1(i=(U)) is open, and so i1 (U) is open, proving continuity.

Exercise 3.24. First, we will show that we can lift a loop f : (I,0) — (G/H, 1) to a unique continuous map

f:(I,0) = (G,h) for any hy € H, as shown below.



In the above diagram, the map v is the natural map taking g to the coset gH € G/H.

First, we will find a suitable neighborhood U of 1 such that the family {hU : h € H} is pairwise disjoint.
Discreteness of H implies that there exists an open neighborhood V of 1 with V'N H = {1}. It is clear that
the map ¢ : (z,y) — xy~! is the composition p o (id xi) and is therefore continuous. Thus ¢~ *(V) C G x G
is an open neighborhood of (1,1). This implies that we can find an open neighborhood U of 1 such that
UxUCfYV).

Now suppose that there are hj,he € H and z,y € U with hjx = hoy. But this would require that
xy = hl_lhg. It is clear that zy~! € ¢(U) C V. Moreover, because H is a subgroup, we know that
I’Ll_lhg € H,andso xzy~' € VNH. Thus z = y and h; = ho, proving that the sets hU are disjoint, as desired.
Note that any translate U, = gU of U is a neighborhood of g € G and has {hU, : h € H} disjoint.

Note that v is an open map, and so the set W = v(U) C G/H is open. Moreover, because v|y is the
restriction of a continuous open map to an open set, it follows that v|y is itself continuous and open. It is
also a bijection onto W, and so v|y : U — V is a homeomorphism.

Note that the collection of sets V[g] for [g] € G/H forms an open cover of G/H. Thus, if we are given
some f: (I,0) — (G/H,1), then we can consider the open cover

{f~'(Vlg)) : lg] € G/H}

of I. Note that we can find a finite subcover of this open cover. This means that we can take subsets of the
sets in this open cover, given us a finite collection open overlapping subintervals which are, in order of their
smaller coordinate, labeled Ii,. .., I;. Let the group elements g1, ..., gx be such that I; C f~!(V[g;]). This
is simply because I = [0, 1] is connected compact.

Now we can lift f to each interval f=1(V[g]) in this finite subcover. Note that 0 =t; € I} C f~1(V]g1]).
Moreover, we know that v=1(V[g;]) consists of disjoint unions of U, and so we can pick the one containing
ho. Now, for each t € I, we let f(t) to be the unique element in this copy of U such that v(f(t)) = f(t).
Because the intervals overlap, we know that there is some t3 € I; N I1, and so we can do the same thing, all
the way to tg. This lets us define f(¢) for all ¢t € I, and it is easy to show that our construction is indeed a
lifting satisfying the commutative diagram above.

Now consider the map d : 71(G/H, 1) — H taking a loop [f] to d([f]) = f(1), where f is the unique lifting
of f with £(0) = 1. It is obvious that imd C H because v(f(1)) = f(1) = [1] implies that d([f]) = f(1) € H.
Moreover, the reverse inclusion holds, showing surjectivity. In particular, if h € H, then path connectedness
of G implies that there is a path f from 1 to h. Taking its projection f = v o f , note that f is a loop

because v(f(1)) = v(h) = [1]. Thus d([f]) is defined and equal to h. To show injectivity, simply note that
f (1) = 1 implies that fis a loop in G. Because G is simply connected, however, it follows that f, and
hence f, is nullhomotopic. Thus f € kerd implies that [f] = [1]. Finally, we must show that d is indeed a

homomorphism, i.e., that d(f * g) = d(f)d(g). But this is clear if we lift f to f with £(0) = 1, and if we lift
g to g with g(0) = d(f). This follows the same proof layout as Theorem 3.16, and proves the result.

Exercise 3.25. If S C GL(n,R) is a subgroup of GL(n,R), then note that u : S x .S — S is continuous.
After all, the product, entrywise, is simply a polynomial, and so x is a polynomial in each of its n? entries.
Since polynomials are continuous in R, it follows that each of the n? components of y is continuous. Hence
1 is continuous.

To see that the inversion ¢ is continuous, observe that the determinant det A is a continuous function,
since it too is a polynomial (and is never zero, by definition of GL). It thus suffices to show that the function
A — adj A is continuous. But it is easy to see that the adjugate matrix, which is the transpose of the cofactor
matrix, is also a polynomial in the entries of A, and so adj A is continuous too. Thus 7 is continuous, and so
S is a topological group, as desired.

Exercise 3.26. As hinted in the exercise, fix hg € H and let ¢ : G — H be the map taking z to xhow’lhal.
Note that xhoz = € H because H is normal, and so ¢(z) is indeed an element of H. Moreover, we know
that ¢ is continuous and {h} C H is open for each h € H. Thus {p~*(h) : h € H} is an open cover of G
consisting of disjoint open sets.

In particular, if there are two elements hy,hy € H such that o=1(h;) # 0 for i = 1,2, then setting
A= l(hy)and B = Unzn, o~ 1(h) will give us two disjoint open sets A and B that cover G. This implies
that G is disconnected, a contradiction. Thus for all but one element of H, we must have p~1(h) = 0,
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proving that ¢ is constant. But obviously, setting = hg, we find that ¢(x) = 1. Thus xhom_lhal =1 for
all z € G, and so xhg = hox for each hg € H. This proves the result.
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4 Singular Homology

Holes and Green’s Theorem

No exercises!

Free Abelian Groups

Exercise 4.1. If v € F, then we can write v = ), 5 myb, where m;, € Z is zero for almost all b. Now,
writing B = UB,, for disjoint B), we can define for each A the value v, = Zbe By mpb € F\. Then obviously
Y =2

To see that this expression is unique, simply observe that if v = )" ~4, then because the sums are formal
sums only, it follows that vy = 74 for every A. But then it follows that the coefficient for each b € By must
be the same in v, and in 44, and so the two expressions are the same. Moreover, it is clear that almost every
~x is zero. After all, only finitely many m;’s are nonzero, and so only finitely many 7, contain a nonzero
coefficient.

Finally, the converse is clear. In particular, if v = v\ and yx =3, p, mpb, then v =3, mpb.

Exercise 4.2. To see the forward direction (isomorphic implies same rank), simply restrict to the basis. In
particular, if ¢ : F' — F” is an isomorphism between two free abelian groups, and if B is a basis for F', then
©(B) is a basis for F’. But clearly B and ¢(B) have the same cardinality because ¢ is injective. Thus F
and F’ have the same rank.

To see the converse, consider bases B and B’ for F and F’, respectively. Because B and B’ have the same
cardinality, there is a bijection ¢|p between them. Pick such a bijection and extend it to all of F' linearly.
Theorem 4.1 tells us that this is a homomorphism; indeed, it is an isomorphism because ¢|p was a bijection.

Exercise 4.3.

(i) An arbitrary element of S7(X) looks like > m,o, where o ranges over paths in X. Then we know that
01 takes Y- my0 + > n,o to

Zmaa(l) + ana(l) - ZmUU(O) - Znaa(O) = 01(m) + 01(n),

where m = > m,o and similarly for n. Thus this is a homomorphism.

(ii) If xg and x4 lie in the same path component of X, then there is a path o between them. This path is an
element of X (indeed, it is a basis element of X), and satisfies 04 (o) = z1 — xo.
The converse is slightly trickier, however. Suppose that zy and x; belong to different path components,
say Xo and X, respectively. Then consider the map ¢ : So(X) — Z which takes z € X to 1 if z € X
and to 0 otherwise. This defines ¢ on the basis of Sy(X), so we can linearly extend it to a group
homomorphism (Theorem 4.1).
Any element in the image of 9y can be written as (> m,0)(1) — (O m,0)(0). Then we know that

e (o men) (1) = (X mea)(0)) = Y- map(a(1) = o(0)).

But because o is a path, obviously (1) and ¢(0) are in the same path component. In particular, we have
p(o(1) —o(0)) = 0, and so im9d; C ker p. Now observe that p(x; — x9) = —1. Thus 21 — 2 &€ im 4,
proving the converse.
(iii) By definition, we have that o € ker 0 if and only if o(1) — ¢(0) = 0. Because ¢ is a path, however, this
condition is equivalent to saying that ¢ is a closed path.
To see that the path condition on o is necessary, note that the sum of two closed paths is in ker 9y
but is not itself a closed path.

The Singular Complex and Homology Functors

No exercises!
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Dimension Axiom and Compact Supports

Exercise 4.4. Note that S, (X) = 0 for all n, because there is no function A™ — X = ). Thus kerd =
imd =0, and so H,(X) is trivial.

Exercise 4.5. We know that dy is the zero map, and so kerdy = Sp(X). Moreover, the proof of the
dimension axiom shows that J; is the zero map as well. In particular, we find that Zy(X)/By(X) = So(X).
But we know, once again from the proof of the dimension axiom, that Sy(X) is infinite cyclic and hence
Hy(X) 2 Z.

Exercise 4.6. We already know how S, acts on objects of Top. Defining S,,(f) = fz on morphisms, it is
easy to see that S, satisfies the functorial properties S, (1x) = 1g,(x) and Sp(g o f) = Sn(g) o Sn(f).

Exercise 4.7. We know that S° is the disjoint union of two points, and so H,(S°) = H,({0}) ® H,({1}).
But the dimension axiom and imply that

7Z? ifn=0

0 otherwise. -

H,(S°) = {

Exercise 4.8. Because the Cantor set is the disjoint union of countably many points, it follows that Ho(X) =
Z¥ and H,(X) =0 for all n > 0.

The Homotopy Axiom

Exercise 4.9.

(i) For n = 0, note that 81 = [ag,bo], and so 91 is the constant map taking ey € A% to by — ap =
(€0, 1) — (e1,0). On the other hand, we know that P2, is the zero map, and )\iA#(é) = A2, Thus the
right-hand side of the equation is simply

AR =8
1 0>
which is the map taking eg € A° to (eg, 1) — (e1,0). The two sides are therefore the same.
For n = 1, we first consider the left-hand side. Note that

0289 = [bo, b1] — [ao, b1] + [ao, bo] — [a1, b1] + [ao, b1] — [ao, a1]
= [bo, b1] + [ao, bo] — [a1,b1] — [ao, a1],

and so it is simply the constant map A! — Al x I taking everything to by — a; = (e, 1) — (e1,0). For
the right-hand side, on the other hand, we already know that

AP 4(8) = A8 4 (8) = AL = At (t,1) — (£,0).
Moreover, because 0;A! = e; — eg, we know that
PRAS : t— ((e1 — eo)(en),t) = (e1,t) — (eo,t).
Thus the right-hand side takes eg to
(€0, 1) = (€0,0) — (e1,0) + (€0, 0) = (0, 1) — (e1,0)

and takes e; to
(e1,1) — (e1,0) — (e1,1) + (eg, 1) = (eg, 1) — (e1,0).
hus the two sides agree on eg and e, from which we conclude the result.
(ii) We know that

P (o) = (0 x 1)%(B2)
= (o x 1) o[ag,bg,b1] — (0 x 1) o [ag, a1, b1].
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The first term takes an arbitrary element (to,t1,t2) € A%, where we use barycentric coordinates, to the
point (o ((to +t1)eg +tae1),t1 +t2). By corresponding a point (1 —t)eg +te; € Al to t, we find that the
first term takes (¢;) to (o(t2),t1 + t2). Similarly, the second term takes (¢;) to (o(t1 + t2),t2). Thus we
find the following explicit formula:

PX(0) : (to, t1,t2) > (0(t2),t1 + ta) + (o(t1 + t2), t2).
Exercise 4.10. Let 0 : A™ — X be a simplex. Then note that PX (¢) = (¢ x 1)%(B,+1). Thus

(f x 1) P (0) = (fo x 1) (Bu+1).

On the other hand, we know that

P:f#((f) = (f#U X 1)#(6n+1)ﬂ

which is the same as the previous expression because ¢ is a simplex and so fxo = fo.

Exercise 4.11. The inclusion ¢ is a homotopy equivalence, and so Corollary 4.24 implies that i, is an
isomorphism.

Exercise 4.12. Note that the sin(1/z) space has two path components, both of which are contractible.
Thus Ho(X) = Z? and H,(X) =0 for n > 0.

The Hurewicz Theorem

Exercise 4.13. We know that ¢ o hy takes the path class [f] to ¢[h o f] = clshfn. On the flip side, we
know that h. o ¢ takes ¢ to h, cls fr. But because fn is a simplex, this is simply cls hfn as well.

Exercise 4.14. We know that
Frfs(fxf) =
for some constant map c. But note that (f x f~1)~! = f % f~1. Thus we can apply the Hurewicz map to
find that
2¢s((f + f~H)m) = [0].
It follows that f + f=' € Bj(X), where f and f~! are considered as 1-chains. Thus f and —f~! are
homologous, as desired.

Exercise 4.15. Note that the boundary of the second triangle is avx 84+~ — (a* 8) *y. Thus cls(a*B*~y) =
cls(a * 8 + 7). Repeating this procedure on the first triangle, we find that cls(a * 8% v) = cls(a + 8 + 7).
Note that, in the text, there is a second equality, namely that these expressions equal clsa + cls 5 + cls 7.
However, homology classes are not actually defined for paths which are not closed, so this seems to be an
€error.

Exercise 4.16. This is proved in Theorem 6.20.
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5 Long Exact Sequences

The Category Comp

Exercise 5.1. These results all follow directly from the definition of exactness.

(i) Note that ker f =im0 = 0, and so f is injective.
(ii) In this case, we have img = ker0 = C.

(iii) By the previous two parts, we know that f is bijective. Because f is a homomorphism as well, it follows
that f is an isomorphism.

(iv) Either observe that 0 — A — 0 — 0 is exact and apply the previous part, or note that A — 0 is injective
while 0 — A is surjective, implying that A =0, i.e., that A = 0.

Exercise 5.2. Note that f is surjective if and only if kerg = im f = B. But kerg = B if and only if ¢ is
the zero map, which is itself true exactly when ker h = im g = 0. Since ker h = 0 if and only if & is injective,
we are done.

Exercise 5.3. We know that 0 —+ A 5 B implies that ¢ is an injection. But because ¢ is a surjection onto its
image, this implies that iA = A. Moreover, because ker p = im ¢ = i A, we know that B/iA = B/ kerp = imp.

Because p is a surjection (see [Exercise 5.1)), the result follows.

Exercise 5.4. This amounts, effectively, to following the arrows and the equations given by exactness. In
more detail, let f, : B,, = C,, and g, : C,, = A,_1. Now observe that B,, = im h,, = ker f,,. Thus f,, is the
zero map. Moreover, because ker g,, = im f,,, we know that g, is injective. Finally, we have im g,, = ker h,, 1.
But h,_1 is an isomorphism, and so its kernel is trivial. Thus im g,, = 0. Because g,, was injective, it follows
that C,, = 0.

Exercise 5.5.

(i) Let f be the map from A to B and g be the map from B to C. Let {a,} and {c,} be maximal independent
sets of A and C, respectively. For every a, let b, = f(as). For every v, pick some b, € g~'(c,), which
is possible by surjectivity of g. If > nabs + >_nl b, =0, then we know that

g (Z Naba + Zn;bfy) =0.

But we also know that im f = ker g, and so g(b,) = 0. Thus this simply implies that > ni,cv = 0, implying
that n,, = 0. But now we know that ) n,b, = 0, and so injectivity of f implies that ) n,a, = 0 as
well. Thus n, = 0 for all a as well, and so {bo} U {by} is independent. Thus rank B > rank A 4 rank C'.

To show the opposite inequality, it suffices to show that {b,} U {b,} is mazimally independent. Note
that b € f(A). Otherwise, we could take f~! on {b,} U {b}, which is not independent. Now consider
{b,} U {b}. If g(b) = g(b,) for any ~, then we know by that b — b, € f(A). Obviously, we
cannot have b—b,, = b, for any «, otherwise that would give us our linear dependence. Thus {b—b, }U{bs }
is a subset of f(A) with rank A 4+ 1 elements. This is not independent, a contradiction.

(ii) We prove this by induction. The previous part takes care of the base case. Consider the following
commutative diagrams.

0 Ay s A~ A /imfy, —— 0

0 ——r An,l/ker fn,1 Snoa An72 In2 ce E A1 h AO 0.

Here v is the natural map and f,_; is the well-defined map taking = + ker f,,_1 to fn_1(z).

Let r; be the rank of A;. Then the first diagram implies that r, —r,_1 +7 = 0, where r is the rank of
Ap—1/im f,,. Because im f,, = ker f,,_1, the second diagram implies by induction that r —r,_o +r,_3 +
.-+ = 0. Thus we subtract the first from the second to find that r,, — r,_1 +7,_2 —--- = 0, as desired.
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Exercise 5.6. If 9, = 0 for all n, then we know that H,(S.) =kerd,/imd,+1 = S,/{0} = S,.

Exercise 5.7. If f : S, — S’ is an equivalence, then it has an inverse g : S, — S.. Thus at every n, there is
a gn 1S, — Sy so that g, o f,, =idg, and f, 0 g, = idg: . It follows that f,, is an isomorphism for every n.

Conversely, suppose f,, is an isomorphism for every n. Then let g = {g,}, where g, = f,; 1. It is clear
that f and g are inverses, and so f is indeed an equivalence in Comp.

Exercise 5.8. If the former sequence is exact in Comp, then we know that im f = ker g. Then the terms
of degree n of both im f and ker ¢ must be the same. In other words, we must have im f,, = ker g,,, and so
the latter sequence is exact in Ab.

On the other hand, suppose that the latter sequence is exact for every integer n. Then we know that
the degree n terms of ker f and im g are the same. Moreover, we know that the differentiation operators are
the same because they are defined, in both cases, simply as restrictions of the differentiation operator in Si.
Thus the two complexes are the same, as desired.

Exercise 5.9.
(i) We have the following diagram, where 0,, represents the map taking s,, + S/, + O, (sn) + S, _1.

On

Ont1
SnJrl Sn Snfl

lv ntl ly n lv n—1

e Spir /S 2 8,8 O S /S ——

To show that v is a chain map, we must show that v,,_19, = 9,v, for every n. Pick a simplex o : A™ — X.
We know that v, _1(dno) = 0,0 + S!,_,. However, we also have 9,v,0 = 0,(c +S') = 0,0 + S',_;.
Thus this is indeed a chain map.

Moreover, it is obvious that ker v, = S}, for every n. The definition of a subcomplex implies that the
On| ker v,, is the operation in S.. Thus kerv = 57, as desired.

(ii) At each n, we know from the previous part that we have the following commutative diagram in Ab.

On
Sp ————— Sn1

J{Un J{Un -1

Sn/kerfn i) Sn—l/kerfn—l

By the first isomorphism theorem for groups, however, we know that there is an isomorphism 6,, from
Sn/ ker f,, — im f,, such that 0,v, = f,.
We claim that 8 = {6,,} is the desired chain map. To see this, observe that

0100 (0 +ker f,,) = 0,,_1(0p0 + ker fr,_1) = fn_10n0.
On the other hand, because o + ker f,, = v,,(0), we know that
Ol0n (0 +ker fr,) = 0),(fn(0)) = Op fro.
The two final expressions in the above equations are equal, moreover, because { f,,} is itself a chain map.

Exercise 5.10. First, note that both S./(S, N SY) and (S, + S7)/Sy are well-defined because everything
is abelian. Now consider the map

S!+ SV
Sy
S s S 4 S

p: S —

Note that we have boundary maps
al,:S, — S

n—1
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and
= S, +Sy . S+ SV,

On
: " " ’
Sn Sn—l

where 9, takes (s}, + s) + S to (8,,s), + Olst) + SI/_,. B
We claim that ¢ is a chain map. To see this, it suffices to show that ¢,_10/, = Jnp,. But for any
o' € 5], we know that

‘pnfla;(g) = 87/10 + Sg—l = 5n(a + S;zl) = Ontpn(0),

as desired. Moreover, the second isomorphism theorem for groups implies that ¢, is a homomorphism with
kernel S/, N SY from which it follows that ¢ is a chain map with ker p = S, NS?. The first isomorphism

theorem (Exercise 5.9) implies the result.

Exercise 5.11. Consider the sequence in the problem, namely

0 T.)U, —— S, /U, —*— 8,/T, —— 0 .
Clearly, we have
imi, = {t, + Uy : t, € Tp,}.
Moreover, we know that p, (s, + Up) = sp + Th, 80

kerp, = {sn + Uy : s € Ty}

Clearly these are equal.

It now suffices to prove that keri, = 0 and imp, = S, /T,. But note that i,(t, + U,) = 0 implies
that t,, € U,. Hence t,, + U, = 0 as an element of T,,/U,, as well. Moreover, consider an arbitrary element
Sn+Tn € S,/T,. It is equal to p,(s, + Uy,), which proves that p is surjective. Hence the sequence of
complexes is exact.

Exercise 5.12. We claim that
ker (Z 87);) = Z ker 82‘.

If 3" s) € ker (3-9,), then by definition we must have 9, (s)) = 0 for each A. The converse is also clearly
true. Similarly, we find that

im (Y on) = {> ot} = ma,.

Thus we conclude that

H, (ZSQ): kerd, > kerd, :Zikerﬁﬁ ZZHn(S;\)

imo,1 Y imd) mo,,

Exact Homology Sequences

Exercise 5.13. Suppose Y m,o + Sp(A4) = > ml,o + S,(A). This implies that m, — m/,
with imo & A. Hence we can pick the unique representative

!
E MeO = E m,o,

imoZA imoZA

= 0 for every o

thus showing that this is indeed the free abelian group generated by o with imo Z A.

Exercise 5.14.
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(i) It suffices to prove that p,, is surjective and that im,, = kerp,,. To see that p,, is surjective, consider the

(i)

(iii)

following segment of the long exact sequence:

Pn Tn—1
Bn —_— Cn E— An—l —_— Bn—l

Note that the map f, : C,, = A,_1 has im f,, = keri,_; = 0, and so ker f,, = C,,. Thus im f, = C,,
proving surjectivity.
To see that im 1, = ker p,,, simply consider the following segment:

in Pn

The result immediately follows.

There exists a map r with r o4 = id4. Thus r, 0 i, = idHn(A), from which it follows that 4, is injective.
Theorem 5.8 gives an exact sequence

S Hy(A) = Ho(X) -2 Ho(X,A) —2 ...

where p. is induced by the quotient map S, (X) — S.(X)/S.(A). Since i, injective implies that 4, is
injective, we can apply the previous part to find an exact sequence

0 —— Hy(A) — H,(X) 22 H,(X,4) —— 0

Then implies that H,, & H, (X, A) = H,(X), as desired.

We now have i o r ~ idy as well. In particular, since A and X have the same homotopy type, we must
have H,(A) = H,(X) by Corollary 4.24. Thus i, in the exact sequence given in the previous part must

be the identity, and so ker p,, = im i, = H,(X). But since p,, is surjective, it follows that H, (X, A) = 0,
as desired.

Exercise 5.15. We prove this in cases. We will use the follow commutative diagram, where the columns
are exact:

0 0 0

8/
! ntl l n 1
Sn+1 Sn Sn—l

Gn41 in fn—1

Ont1 O
Sn+1 Sn Snf 1

Pn+1 Pn Pn
a// 8”
" n+1 " n "
Sn+1 Sn Sn—l
0 0 0

Case 1. S, and S are acyclic.

We would like to show than Z) = kerd), is equal to B;] = imd,/,,. We already know that B, C Z, .

Surjectivity of p implies that we can rewrite Z!/ as

Z,, = pn(ker(9,pn)) = pn(ker(pn—105)).

This, in turn, can be written as

Z»:: = {pnsn :pn—lansn = O}
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On the other hand, we can rewrite B! as
By =im(0){1pn+1 = im(pnOnt1)) = pnimdpi1.
Since S, is acyclic, we know that im 0,,41 = ker 0,,, and so we find that
B! = {pnzn : Onzn = 0}.

Now consider an arbitrary element p,s, € Z/. Since p,_10,s, = 0, we know that 9,s, € kerp,_1 =
imi,_1, where again we use the fact that S, is acyclic. Injectivity of i,,_1 implies the existence of a unique
sh_1 €8 _1 with ip_18),_1 = OnSn. We know, however, that 9,10, =0, and so

0= 8n,18ns = an,lin,ls;kl = Z'nfg(i);fls;lfl.
Since i,,_o is injective, it follows that 9/,_;s,-1 = 0, and so acyclicity of S, implies that s,_1 € kerd!,_; =
im &/,. In particular, we can write s/, _; = 9,,s.,.

Now notice that
Oninsy, = in—1055, = in-18n_1 = OnSn,

where the last equality follows from the definition of s,_;. We know that z, = s, — i, s}, € Z,, since 9, is a
homomorphism. But we also know that

Pnin = pn(sn - Zns/n) = PnSn — pninsiz = PnSn,

where we use exactness of the columns. In other words, we have a z, with 0,2, = 0, such that p,z, = pnsn.
Thus p, s, € B]l, proving that Z! = BJ/. To be even more explicit, this implies that H, = Z]//B, = 0 for
all n, proving that S is an acyclic complex as well.

Case 2. S, and S are acyclic.
Suppose s, € Zy,, i.e., that 9,5, = 0. Then 9),p, = p,—10, implies that p,s, € ker 0/, =im ;. Hence
write pps, = 0, 155 1. Since pn4q is surjective, we can find s,,41 with p, 418,41 = 5], 1, and so
/!
pna’n+15n+1 - an+1pn+15n+1 = PnSn-

But then we know that Op418nt+1 — Sn € kerp, = imi,. Thus there exists a unique s/, with i,s/, =
On+15n+1 — Sn- We can take 0, of both sides to find that

0= 010n115n+1 — OnSn = Oninsl, = in_10550,
and so it follows that ;s = 0. In particular, we know that s, € imd; ,,, so we can find s;,,; whose
boundary is s],. Recall that we had
Sn = 6n+13n+1 - inS{,L-
But the last term is equal to i,0,, 15,1 = Ont1int15,, 1, and so this is in turn equal to
Sn = 87L+1(STL+1 - Z.n+13{n+1)-
This proves that s, € B, and so Z,, = B,,.
Case 3. S, and S/ are acyclic.

This final case is handled similarly to the first two, but we lay out the details below. Let s, € ker 9}, = Z/
be arbitrary. Then i,s], € ker 0, = im dp,41, and so

. !
inSy = Opt18nt1

for some s,,41. We know that p, 15,11 € ker ;] =im3, , because p,i,s, = 0. Hence there exists s, ,,
with ), 55} 5 = Pny15n41. But then it follows that

7
pn+1an+25n+2 = an+2pn+25n+2 = Pn+1Sn+1,

from which it follows that s,41 — Opq25n42 € ker ppy1 = imi, 1. Thus there exists s}, with i,418),,, =
Sn+1 — Opnt2Snto. We then find that

. / ! . ! . /
00 1 15n41 = Ont19n415,41 = Ong15n41 = inSp,.

Injectivity implies s], = 0y, , 5,1 € By, thus proving the final case.
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Exercise 5.16. To show that fux(Z,(X,A)) C Z,(X’', A, consider v € Z,(X, A). Note that v € S, (X),
and so Lemma 4.8 implies that
O fyy = fy0n.

We know, moreover, that 9,y = > myo, where the sum ranges over all o with imo C A. Thus it follows

that
Oter =1 (Y meo) = Y mefo
im(fo)Cf(A)
Since fo is a simplex into X’ with image contained in A’, it follows that this is an element of S,_1(A").
Hence we conclude that fyuvy € Z,,(X’, A’), as desired.
The proof for boundaries is similar.

Exercise 5.17. As defined, we have that fu : H,(X,A) — H, (X', A’) is given by
f# : 7+ imgn-&-l = f# (7) + im?n_‘_l,

where 0 and @’ denote the boundary maps of the quotient complexes S,(X)/S.(A) and S.(X')/S.(4"),
respectively, and where B
¥ € kerd,, = Z,(X,A)/Sn(A).

The third isomorphism theorem gives an isomorphism
Zn(X, A)/Sn(A) | Zn(X, A)
B, (X,A)/Sn(A) B, (X, A)

H,(X,A) =
which takes
T+ Ba(X, A)/Su(A) > 7 + By(X, A).

Since fu(¥) = fx(y), we find that, thinking of fx as a map from Z,(X,A)/B,(X,A) to a map from
Zn (X', A" /B, (X', A", it takes

Y+ Bu(X, A) = fu(y) + Ba (X', A7),
as desired.

Exercise 5.18. Recall the definition of ; : A1 — A" as taking {eg,...,en_1} t0 {€0,. .., . €n_1}.
Thus we have

Ono = zn:(—l)iaei.

i=0
Since og; : A"~! — X has image in A by hypothesis, this is in S,,_;(A), as desired.

Reduced Homology

Exercise 5.19. By Theorem 5.6, it is sufficient to show that we have a short exact sequence
0 —— S,(A) — S.(X) —— S,(X,4) — 0.
When n > 1, this is clear by Theorem 5.8. When n = 0, we have the sequence

0>7Z—7Z—0—0,

which is easily verified to be exact.

Exercise 5.20. Consider the exact sequence
Hy(CX) —— Hy(CX,X) — Ho(X) —— Hy(CX).

Note that H;(CX) = 0 because CX is contractible. On the other hand, Corollary 5.18 implies that }NIO(X) =
Z*, while Hy(CX) 2 0. Thus the map H;(CX,X) — Hy(X) is surjective. Moreover, its kernel is equal to
the image of the map H;(CX) — H1(CX, X), which is simply 0 since H;(CX) = 0. Thus the map is also
injective, from which it immediately follows that H;(CX, X) = Z*.
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Exercise 5.21. Consider the exact sequence
Hi(8%) —— Hi(SY) — H;(S",8°%) —— Hy(S°) —— Ho(SY),

which is simply equal to
0 — Z —— I:' — Z —— 0.

Now note that the first map has im = 0, so the second map has ker = 0. Thus the second map has im = Z,
and so the third map has ker & Z. Yet we also know that the last map is the zero map, and so the third
map has im = Z, from which it follows that the H;(S*,S°) = Z x Z.

Exercise 5.22. When n = 0, this follows from the exact sequence
Ho(X) — Hy(X) —— Ho(X,X) —— 0 .

After all, the first map is the identity, and so the second map is the zero map. But the second map is
surjective, and so Hy(X, X ) = 0.
For n > 0, we have the exact sequence

Ho(X) — Hp(X) — Hy(X,X) — H,_1(X) —— H,_1(X).

The first map is the identity, and so the second map is everywhere zero. Thus the image of the second map,
which is the kernel of the third map too, is equal to 0. Since the kernel of the last map, which is 0 (the map
is the identity), is equal to the image of the third map, it follows that the third map is everywhere zero.
Hence the third map is injective, but also everywhere zero, and so H,, (X, X) must have been 0 in the first
place.
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6 Excision and Applications

Excision and Mayer—Vietoris

Exercise 6.1. Since A and B are both open, we know that A° = A and B° = B. Thus A° U B° = X, and
so we can use the Mayer—Vietoris sequence, along with the fact that AN B = (), to find an exact sequence

0= H,(0) 2 H,.(A) ® Ho(B) 2= H,(X) —2 H,_1(0) =0 .

Thus the middle map g, — j. is an isomorphism, which proves the result.

Exercise 6.2. We use excision directly. In particular, Excision II gives us an isomorphism ¢, : H,(B,0) —
H,(X,A). But H,(B,0) = H,(B) for all n > 0, and so the conclusion follows.

Exercise 6.3. This is simply a diagram chase. Suppose D, ([z]) = [¢/]. Then by definition of D, we know
that there exists some [z] € H, (X1, X1 N X3) such that d,([z]) = [2'] and h,([z]) = ¢.([z]). It thus follows
that
gn—1(Dn([z])) = [fn-1(2")] = fa-1(dn([2]))-
Now set y = f(x), so that [y] = fn([z]). We would like to show that D/ ([y]) = fn—1(dn([2])). To do this,
set 2z’ = f,(z). Then since d commutes with f by definition (cf. Theorem 5.7), we know that

d,([2']) = d},(fn(2)) = fa—1(dn([2])) = gn—1(Dn([z])).

Moreover, because h and ¢ are just inclusions, we know that they commute with f. In particular, from the
fact that h,([z]) = ¢ ([z]), and so f(hn([2])) = f(gn([z])), we find that

o (£([2]) = an (fa([2])),
from which it follows by definition that A/, ([2']) = ¢},([y]). Thus it follows that
D'(f([z])) = D'([y]) = gn—1(Du([2])),
which proves that the desired diagram commutes.
Exercise 6.4. First note that the condition implies that, for all n > 1, we have
H,(X;) = Hy(X; N X;) = H,(X; N X5 N X3) = 0.

Since each X; is open, we can apply the Mayer—Vietoris sequence. Applying it on X; and X5 gives an exact
sequence
0 — H,(X1UXy) —— 0,

and so we conclude that H,(X; U X2) =0.
Now we can apply Mayer—Vietoris to X; U X5 and X3 to find an exact sequence

0—— Hn(X) E— Hn,1<(X1 UXQ) ﬂXg) .

But the last term is exactly H,—1((X1 N X3) U (X2 N X3)).
To see that this is 0, apply Mayer—Vietoris to X; N X3 and Xs N X3. In particular, setting H =
H,_1((X1 N X3) U (X2N X3)) as the desired homology group, we know that

Hn—l(Xl n Xg) D Hn_l(XQ n Xg) — H —— Hn_g((Xl ﬂXg) n (X2 n Xg))

is exact. If n > 2 or if X; N X5 N X3 = (), then the first and last terms are clearly 0, which proves that the
middle homology group is indeed 0. If, on the other hand, we have n = 2 and X; N X3 N X3 is contractible,
then the last term is Z. However, the next map in the Mayer—Vietoris sequence is an injective map, since it
is induced by inclusions. Thus we have an exact sequence

0 H zZ A,

where A is some homology group (in fact, it is Z?) and the map Z — A is injective. Note that the image of
the first map is 0, and so the map H — Z is injective. But we also know that im(H — Z) = ker(Z — A) = 0.
Thus H = 0, as desired.
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Homology of Spheres and Some Applications

No exercises!

Barycentric Subdivision and Proof of Excision

Exercise 6.5. We use induction. In particularly, for £° we know we have (0 + 1)! = 1 O-simplexes. Now
suppose the statement is true for n — 1. Using the notation in the definition, note that each n-simplex in X"
is spanned by b and an (n — 1)-simplex in Sd ¢;. Since there are n + 1 total possible @;’s, and since there
are n! total (n — 1)-simplexes in Sd ¢;, it follows that Sd ™ has (n + 1)! total n-simplexes, as desired,

Exercise 6.6.

(i) By construction, every point is the barycenter of at least one face. Moreover, writing " = [po, . . ., Dn+1],
suppose that b is the barycenter of [p;,,...,p;,], as well as of [p;,,...,p;,]. Then
1 1
m(pil +o Tt ) = m(l?jl + i)

This implies linear dependence, unless the two subsimplexes of %™ are actually the same simplex.

(ii) This is clear for n = 0. Now suppose that the statement is true for n— 1 Note that, by definition, every n-
simplex of ™ is spanned by the barycenter b of ¥" and an (n—1)-simplex of Sd ¢;. But every face of 3" is
a subset of ¥". Thus we can write an n-simplex of ¥™ as [b7°,...,b7"] with 09 < -+ < o1 < 0y = X"

Exercise 6.7.

(i) Note that Sd;(d') is exactly by.Sd(951). Since Sdp is the identity, we know that this is b;.(95'). But
98" = e — eg, while by = %(eo + e1), and so it follows that

Sd1(§1)(t) = bl.el(t) — bl.eo(t)
= (;(60 + 61) + (1 — t)€1> — (;(eo + 61) + (1 — ﬁ)eo) .

Note that both terms within the large parentheses are 1-simplexes, and so we cannot “cancel” the
L(eg + e1) terms.

For n = 2, we would like to evaluate by.Sd;(96%). Note that 952 = [e1, ea] — [eo, €2] + [eo, e1]. Thus we
know, either by using the same argument as before or by appealing to the case n =1 in part (ii) below,
that

Sd; (96%)(t) = (;(61 +e2)+(1— t)62> - (;(61 +e2)+ (1— t)el>
- (;(eo +e2)+(1— t)eg> + <;(eo +e2) +(1— t)eo>

+(Seoten+a-e) - (Fleo+e)+(1-ta).

Thus we may evaluate Sdz(d?) on a term-by-term basis. For example, the first term of Sdg(62)(t1,t2) is

ta/(1 —t1)

5 (61 =+ 62) =+ (1 — tg/(l — tl))(ig) =t1by + <t22(€1 + 62) + (1 —t1 — t2)€2> .

tiby + (1 — 1) (

We can do this with each term to find Sda(8?).

(ii) We can simply evaluate this using the previous part. In particular, we have

Sdy (o) = o4 Sdy (61)

= (§toten) +oten) + 1= oten)) = ((aten) + a(en)) + (1 oten))

Similarly, by replacing each e; in Sd2(§?) with o(e;), we have Sda (o).
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Exercise 6.8. It is sufficient to show commutativity for generators o : A™ — X. But note that fx Sd,,(c) =
fuou Sdp,(6™). However, since fupou = (f 0 0)y, it follows that this is in turn equal to (f o )4 Sd,,(6™) =
Sd,,(f o o) = Sd,, fgo. This proves commutativity, as desired.

Exercise 6.9. Recall that the j-th face of o is o¢; : [eg,...,en—1] = [€0,..., &, ..., €,]. Now observe that
€; is clearly affine. After all, we know that

€j (Z tiei> = Ztiei + Ztiei+1 = thfj(ei).

i<j i>j
Thus we know that
o€j (Z tiei) =0 (Z tisj(ei)> = Ztig(ej(ei)).

Thus o¢; is affine. Since oe;(e;) is either e; (if i < j) or e; 41 (if ¢ > j), it follows that the vertex set of o¢;
is a (proper) subset of the vertex set of o. Since do is just an alternating sum of faces of o, it follows that
Jo is affine whenever o is.

Exercise 6.10. Recall the definition of a cone:
b if tg =1,
t0b+(l—t0)a<1i1t07...,i”:;;) if tg < 1.

b.O’(to, N ,tn+1) = {

It is clear that b is affine. Since the case ty < 1 results in the sum of affine maps, it follows that this is also
affine.

Now note that b.o(eg) = b and b.o(e;) = o(e;) for i # 0. Thus the vertex set of b.o is the union of
{b} and the vertex set of 0. Note that Sdg o is affine whenever o : A® — E is affine. If Sd,,_; preserves
affineness, then note that Sd,, must as well. After all, we know that Sd,, o = b,,.Sd,,—1(90) is the cone of
some point b, € E and the affine function Sd,,_1(90). (Note that this last function is affine because Jo is,

by affine.) The result follows.
More Applications to Euclidean Space
Exercise 6.11. Writing (1 + aly)y as v + al,y, note that
Oy +alyy) =0y + a;;_lﬁ'y
= 7(e1) —7(eo) + (=7(e1)) = (—v(eo))-

But recall that —vy(e1) = v(ep) and —vy(ep) = y(e1), and so we know that the terms cancel out to 0. Thus
(1+al)yis a l-cycle.

Exercise 6.12. We can simply compute evaluate (1 + a,)(1 —al) on a simplex o. In particular, we find
that

(1+al)(1—ay)o=(1+al)(oc—a"0)
=o0+ayo—a"oc—ay(a"o)
=oc+a"c—a"c—a"ad"0o.
But of course we have o = a™a"o, and so the terms all cancel out. We can simply extend to any 1-chain ~.
Exercise 6.13. Again, we evaluate the expression on a simplex ¢ and find that
(1+ay)(1+aly)o = (1+al)(oc+a"0)
=oc+a"c+a"c+a"a"o

=20 +2a"0 =2(1 +aly)o.

As before, we can extend.
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Exercise 6.14. Letting 7 be, as in Theorem 6.22, the southerly path in S* from a'(y) to y, recall that the
homology class of the cycle o 47 generates all of H(S"). But notice that [(1+a})o] = [0 +a'c] = [0 +7],
which proves the result.

Exercise 6.15. Suppose f : S' — R is continuous. Note that such a function is effectively a continuous
function f :[0,1] — R with f(0) = f(1), and so the intermediate value theorem implies the result.

Exercise 6.16. Suppose S C R? is homeomorphic to S2. Then there is a function ¢ : S? — S < R2, where
the S? — S part is a homeomorphism. The Borsuk-Ulam theorem, however, implies that there exists some
point x € S% with p(z) = ¢(—z). But ¢ is an injection, a contradiction.

Exercise 6.17. This is obvious from Borsuk-Ulam. Since there exists an = with f(x) = f(—=x), but
f(—=z) = —f(x) for all z, it follows that there exists an x with f(z) = —f(z), i.e., with f(z) =0.

Exercise 6.18. This follows the same proof as that of Borsuk-Ulam. In particular, we use the function

g(x): 8" — st
f(z) — f(==z)

AT

() = f(=2)II’
This would be an antipodal map, a contradiction.

Exercise 6.19. Suppose a"(F;)NF; =0 for i = 1,...,n. There exist functions g; : S™ — I with g;(F;) =0

and g;(a"F;) = 1. Then define f : S™ — R” by f(z) = (g1(x),...,gn(x)). Note that [Exercise 6.18| implies
that there exists some z¢ € S™ with f(z) = f(—x0). Thus it follows that

gi(zo) = gi(—z0) = gi(a"xo)

for all 4. Hence if xg € F; then the left side of the equation is 0 while the right side is 1, and if ¢y € a™F;
then the left side is 1 while the right side is 0. Either way, this is a contradiction, and so it follows that
xg,a"xg & F; for all i. Thus xga™xg € F,11.

I have not come up with a counterexample in the n + 2 case, unfortunately.

Exercise 6.20. Suppose A C S™ is a subspace, and suppose that h : S — A is a homeomorphism.
Invariance of domain implies that A is open in S™. But we also know by compactness of S™ that A must be
compact, and hence closed in its ambient space. Thus A is clopen. Since A is obviously nonempty, it follows
by connectedness that A = S™.

Exercise 6.21. This follows because we can just write S™ = R"U{cc}. Hence any open set in R", including
R™ itself, is just an open set in S™.

Walking through this in more detail, suppose U,V C R™ with a homeomorphism A : U — V and with U
open. Then U is an open subset of S™ because R” is open in S™. Hence invariance of domain on S™ implies
that V is open in S™, and so V NR™ = V is open in R" as well.

Exercise 6.22. Suppose ¢ : X — Y is a homeomorphism. Then we can simply pass to a homeomorphism
between U and V in X to a homeomorphism between ¢(U) and ¢(V) in Y. Since every open set in Y is of
the form ¢(U) for some open U in X, the result follows immediately.

Exercise 6.23. Consider the map h : D" — D%(O) defined by h(x) = 5. It effectively shrinks D™n down

to the closed ball with radius % Obviously the two disks are homeomorphic. But D" is open while D 1 (0)
is not.
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7 Simplicial Complexes

Definitions

Exercise 7.1.

A
A

Y
Y

Exercise 7.2. Consider some (nondegenerate) triangle with vertices P, xq,yo in R2. Then define z; to be
the midpoint of P and x;_;, and similarly define y;. Then the union X of the triangle with all the line
segments x;1; is compact and connected.
We claim that it is not a polyhedron. Otherwise, there exists some simplicial complex K admitting a
homeomorphism h : |[K| — X. But observe that K must have an infinite vertex set.
To see this, for each i, define s; to be
S; = m S,

h=1(z;)€s
where s ranges over all simplices of K. Note that this intersection is over a nonempty set because |J s = | K],
so there must exist some s containing h=!(z;). Moreover, there are only finitely many simplices, so the
intersection exists. Condition (ii) implies that s; is a common face of s, and thus is a simplex. It must
be 0-dimensional since the segment Pz;, x;y;, and xox; cannot all be part of the same 1-simplex. In other
words, z; must be a common face of two 1-simplices, and so it must be a point.
Hence there are infinitely many vertices of K, a contradiction.

Exercise 7.3. Note that the upper right and lower right triangles are the same.
Exercise 7.4.

(i) The forwards direction is just the definition of the subspace topology. To see the backwards direction,
suppose F' N s is closed in s for every s € K. Each s is closed in |K|, so F'N s is closed in |K|. Since
there are finitely many s and |Js = |K|, it follows that we can take the union of all F N's. In particular,

we have
F = U (FNs)
seK
is the finite union of closed sets, hence is itself closed in |K].

(ii) This is obviously true if K has dimension 0.
If K (and hence s) has dimension > 1, then consider the complement of s°:

(s?) = (|K|—s)Us.
Then notice that
(K| —s)us]ns=s,
which is closed in s. Suppose t € K is not equal to s. Then consider
A= [(K|-s)us|nt.

If snt =10, then A; = () is closed in t. Otherwise, we know that s Nt is a face of t. Since s is of highest
dimension, we know that either s = ¢, which we already took care of above, or sNt is part of $, in which
case we know that
snt=snt, (|K|—s)Nt=t—sNt.
Hence A; = ¢, which is still closed in ¢.
The previous part proves the result.
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Exercise 7.5. We begin by showing s° Nt° = () when s # t. Note that
PNt =(s—8)N({t—t)=sNt—s5Nt—sNt.

But sNt is a face of both s and ¢. It can’t be equal to both s and ¢ since s # ¢t. Thus sNt is a proper face of
at least one of s and ¢, say s. This means that sNt is part of $, and thus is in $N¢. This proves disjointness.

To see that | Js® = | K|, simply do this in the case of K as a simplex, and take unions. (To do this when
K is a single simplex, use induction.)

Exercise 7.6. The backwards direction is obvious by the definition of st. For the forwards direction, suppose
x € st(p) = U t°.
pEVert(t)
Then we know that x € ¢° for some ¢ having p as a vertex. Uniqueness implies that s = ¢, so p € Vert(s).
Exercise 7.7.

(i) Obviously the union is |K| because every s € K has at least one vertex, hence is contained in at least
one star. To see that st(p) C |K| is open, notice that

st = | s

p&Vert

Intersect this with t € K. If p & Vert(t), then this intersection is equal to ¢ since no simplex of £ can
have p as a vertex. If p € Vert(¢), then write ¢t = [p,p1,...,pr]. The intersection can be seen to simply

be {p1,...,pr}, which is obviously closed. Thus implies the result.

(ii) If = € st(p), then x € s° for some s with p € Vert(s). Since z,p € s and s is convex, it follows that the
line segment is also contained in st(p).

Exercise 7.8. The forwards direction is because [po, . .., pn] is in the intersection. The backwards direction
is because there must exist some simplex [po,...,Pn,q0,---,qm] € K. Since any face of a simplex in K is
also in K, it follows that [po, ..., pn] is a simplex in K.

Simplicial Approximation

Exercise 7.9. In the forwards direction, suppose ¢ is a simplicial map. If (|st(p;) # (), then there exists a
simplex in K with vertices [p;]. The definition implies that there must exist a simplex with vertices [p(p;)],
proving this direction. The backwards direction follows directly from

Exercise 7.10. Suppose ¢ is a simplicial approximation to f, and suppose z € |K| with f(z) € s°. Write
x €t° for t € K, and write t = [p1,...,pn]. Then we know that = € st(p;) implies that f(z) € st(p(p:)), so
that s° C st(e(p;)). Thus s has ¢(p;) as a vertex for each i = 1,...,n.

Hence |p|(z), which is determined by ¢(p;), is in s by affineness.

Now suppose that f(z) € s° implies |p|(xz) € s. Let p be some vertex of K so that = € st(p). Then
f(z) € s° so |p|(x) € s. Hence ¢(p) is a vertex of s by affineness and the definition of ||, from which it
follows that

f(x) € s° Cst(ep(p)).

We can take the union over all = € st(p):

U @) Cstlem)).

zEst(p)
Of course, this left side is exactly f(st(p)), and so we’re done.

Exercise 7.11. Suppose ¢ : K — L is a simplicial approximation. Consider the obvious homotopy:
H(t,x) = (1= t)|ol(x) + tf(2).
We can do this because |¢|(z) and f(z) are, by [Exercise 7.10} in the same simplex.
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Exercise 7.12.

(i) This is true because it’s true for simplices.

(ii) Order the vertices of K, and define ¢(b*) to be the smallest vertex of s under this order. We claim that
this gives a simplicial approximation to the identity. Consider a vertex b® of SA(K). Then we know that

fst(b%)) = % C st(0(0))

by the definition of ¢(b®), where f is the identity.

(iii) There exists a homeomorphism g : |L| — X. If g(v), then we are done. Otherwise, we know that
x € g(s°) for some unique s € L. Consider the subdivision K of L obtained by drawing lines from s to
every vertex of s. This gives a function h : |K| — X which is equal to g, and thus is a homeomorphism,
as desired.

Exercise 7.13. Suppose that > \;b% = 0. Since sg < --- < s4, we knwo that there exists some vertex
pq which only appears in %1, so A, = 0. But then there is a vertex p,—; which only appears in %1, so
Ag—1 = 0, and so on. Thus A; = 0 for all 4, proving independence.

Exercise 7.14. Every point of Sd K is contained in a unique open simplex of K, so it follows that an open
simplex of Sd K can be contained in at most one open simplex of K. To see that there is at least one such
simplex, note that [b*,...,b%]° is contained in sj.

Exercise 7.15. This follows from the triangle inequality:
|z —yl < lz—pl+Ip—yl <24,
because = and p are in one simplex, and y and p are in another.

Exercise 7.16. Write s = [b*,...,b%], where so < --- < s4. Then diam s = sup |0 — b%||. If i < j, then
we know that

|[b% — b%|] < —2— diam s,
n; + 1
C— dim s, ; . i , n; n
where n; = dims;. But diams; < mesh K since s; € K, and T S

that

since n; < n. Hence it follows

diam s < o mesh K,
n+1
and so mesh Sd K < (n/n + 1) mesh K. Induction implies the general result.

Exercise 7.17. If s € K@ then s = [py, ..., p,] for some r < q. Thus ¢(s) = [¢(po), ..., p(p,)] € LD, as
desired.

Exercise 7.18. Let b be the barycenter of the (n + 1)-simplex, and consider

x—>b
= ——— +b.
J@) = e *

This is the desired homeomorphism.

Abstract Simplicial Complexes

No exercises!
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Simplicial Homology

Exercise 7.19. In general, there are (ZLZ) total g-simplices in an (n+1)-simplex. Since S™ is the n-skeleton

of such a simplex, it follows that we must simply evaluate
" n+2 ass n+2 n+2 n+2
e -E e () (1)
q=0 q=0
when ¢ is even. When g is odd, the last term is negative, and we find that x(S™) = 0.
Exercise 7.20. Here, we have ay = 18, a3 = 27, and g = 9. Thus x(7) = 18 — 27+ 9 = 0.
Exercise 7.21. Note that i is obviously an injection. Moreover, since the element ) b € Bimyb+)_ g, mcc €

F(b) is equal to
Zb € Bympb + Z mec € F(b) =p (Z mbb,z —mcc) ,

cEBs

we see that p is surjective. Finally, note that

kerp = {(Z mpyb, me) : Zmbb = chc}
={(z,x):x € F(B1)NF(Bs)}
={(z,x):x € F(B1 N Bsy)} =imi,

which completes the proof of exactness.

Comparison with Singular Homology

Exercise 7.22. For ¢ > 1, the complexes are the same. If ¢ = 0, we use the same argument as in Theorem
5.17, in particular, by restricting our attention to the ending:

0 —— kerdy —— Co(K) %, C_1(K) —— 0.

Exercise 7.23. This is simply because kerd_; = C_(K).
Exercise 7.24.

(i) We can simply use the straight line homotopy between ¢(p) and ¢ (p) for all vertices p of K; the rest of
the point follow by affineness. The reason this works is simply because ¢(p) and 1 (p) belong to the same
simplex, which is convex.

(if) Since || ~ |, we know that ||, = ||, which in turn implies that ¢, = 1. by Theorem 7.22.

Exercise 7.25. Let L be a line segment, along with its endpoints and its midpoints. Thus it is composed
of two 1-simplices, and three 0-simplices. Then let ¢; map a 1-simplex to the left side of L, and 9 map it
to the right side of L. Finally, if ¢3 maps the 1-simplex to the midpoint, it follows that ¢1 ~ @3 ~ 2, but
obviously 1 % pa.

Exercise 7.26.

(i) This is clear by mapping the base points together, and mapping a given equivalence class to the corre-
sponding equivalence class. For example, we have some point x € X, then the homeomorphism would
take [[z]] € (X VY)V Z to [z] € X V(Y V Z). Similarly, it would take [[y]] — [[y]] and [z] — [[]].

(ii) For ¢ = 1,2, there exists a simplicial complex L; and a homeomorphism h; : |L;| — K;. Fix some vertex
x; € Vert(L;). Then let L = Ly V Lo. Then, identifying each L; with the natural corresponding set in L,
we can apply Theorem 7.17 to find the exact senuence
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Of course, we have L1 N Loy is a singleton, so the homology groups are 0. Thus, if n > 2, then we know
that Hy, (L1 N La) = H,—1(L1 N Ly) = 0, and so H,(L) & H,(L1) ® H,(L2), as desired. Otherwise, we
can simply use the tail:

. — Hl(L) — H()(L1 ﬂLz) — H()(Ll) @H()(LQ) — H()(L) — 0.

If L; has ¢; components, then notice that L has ¢; +c¢2 —1 components. Since the map Ho(L1)® Ho(L2) —
Hy(L) is surjective, it follows that its kernel is Z (or, more accurately, a free abelian group of rank 1).
Hence the image of Ho(L; N Lo) — Ho(L1) ® Ho(Ls) is Z. The fact that Ho(Ly N Ly) = Z implies
that this map is an isomorphism, thus with empty kernel. Finally, we conclude that the image of
Hy(L) — Ho(L1 N Ly) is trivial, and so we again have the exact sequence

OHl(Ll)@Hl(LQ) — Hl(L) — 0.

The result follows.

(iii) Use Corollary 7.19. In particular, let K, consist of all proper faces of an oriented (¢ + 1)-simplex. Then
the corollary implies that Hy(K,) = Hy(K,) = Z and H,(K,) = 0 for any r # ¢. (Note that reduced
homology matches the regular homology since ¢ > 1.) Thus the previous part shows that the space

n Mgq

V Vs,

qg=1i=1
where the wedge occurs at some identified vertex, satisfies the desired properties.
Exercise 7.27.

(i) This follows directly from the five lemma and Theorem 7.22, namely by looking at the following commu-
tative diagram with exact rows:

. — H,(L) — Hy(K) — H,(K,L) — Hp,_1(L) — H,1(K) — ...

| | | l |

- — Ho(|L]) — Ho(|K]) — Hu([K|, |L]) — Hpa(|L]) — Hoa(IK]) — -

(ii) This follows from the previous part, Corollary 7.17, and Theorem 7.22.

Exercise 7.28. We can simply use the straight line homotopy to p. implies that this is well-
defined.

Exercise 7.29. In particular, we must show that

(M La) 0 (N Ls) #0.

But notice that o9 < 01 < -+ < 0, implies that o9 € Lg, for each 3;. We also know that o9 € Lo, M-+ NLqy,,
and so it follows that o is in the displayed intersection above. Hence g and f are contiguous.

Exercise 7.30. We have the following exact sequence:
Hy(MNL) — Hy(M)® Hy(L1) — H(MUL) — Hye_1(MnNLy).

The conditions imply that H,(M) & H,(L1) = Hy(M) and the two outermost terms are both trivial. Thus
H,(M) = Hy (MU Ly).
Now consider the following exact sequence:

Hq(<MUL1) ﬂLg) — Hq(MUL1> @Hq(Lg) — Hq(MULl ULQ) — Hq,1(<MUL1) ﬁLg).

But notice that
(MUL)NLy=(MNL))U(LyNLy)=MnN Ly

since L1 N Ly C M. Hence the flanking terms of the exact sequence displayed above are again 0. Since Lo
is acyclic, it follows that Hy(M U L) = Hy(M U Ly U Ly). Repeating this proves the result.
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Calculations
Exercise 7.31. Consider the Klein bottle, as in Let P be the entire square. Then we can define

v (%

-
o

Y

v (%

Figure 1: The Klein bottle

the adequate subcomplex with chains

We have

OP=a+b+a—-0
da=0b=0
ov=0.

Hence it follows that we have

The results are obvious.

Exercise 7.32. This time, if we let a denote each edge and v denote each vertex, we have
OP =ka, 0a=0, 0v=0.
Thus we now have

Zy=0, Zi={a)® D),
BQ == 0, B1 = <ka>

Zy = <U>7
By = 0.

)

This gives the desired homology groups.

Fundamental Groups of Polyhedra
Exercise 7.33. This is true because equality is an equivalence relation.

Exercise 7.34.

(i) It suffices to show that o(()a) cannot be changed in a single move. But this is clear. In particular, using
the definition, note that o(()) is o(()3) if 8 # 0, and is p if 8 is empty. The same holds for o(()a’), so
o(()a) is preserved. Similarly, e(()a) = e(()a).

(ii) Again, it suffices to show this for a single elementary move. We can further assume that g = 38’. Write
o =7(p,q)(q,7)d and o/ = v(p,r)5. Then

af =~(p,q)(g, )88 = v(p,r)o8 = /'B".
(Recall g8 = p'.)
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Exercise 7.35. An edge path, by definition, only goes along the 1-skeleton. Thus K being connected
automatically implies that K™ is.

If KM is connected, then let z,y € |K|. There are unique open simplices s°,t° with z € s° and y € ¢°.
Pick vertices v and w of s and ¢, respectively. Then consider the path taken by going straight line from x to
v, then along the edges to w, then along a straight to y. Hence | K| is connected (indeed, path-connected).

If | K| is connected, then | K| is clearly path-connected.

Finally, if |K| is path-connected, then we can find edge paths between any two vertices of K in the
following manner: Each time the path crosses the 1-skeleton, say along the edge between v and w, pick
either v and w and append that vertex (or, rather, the edge between that vertex and the previous one) to
the edge path. That this works is clear.

Exercise 7.36. This is exactly the proof of Theorem 3.6, with « as the edge path from pg to p;.

Exercise 7.37. Since an elementary move only moves across a 2-simplex, it follows that the edge path group
is only dependent on the 2-skeleton.

Exercise 7.38.
(i) This is clear.

(ii) If v and w are in the same component as some point x, then by taking an edge path from v to z, then
from z to w, we have an edge path between v and w. This proves that components are connected.
Obviously the union of the components is K. To see that the unions are disjoint, suppose v € [2] N [y]
and w € [z]. Then the path w — = — v — y implies that w € [y]. Since w was arbitrary, and since
w € [y] would similarly imply w € [z], it follows that [x] = [y]. This proves disjointness.

(iii) Suppose [a] € 7(K, z). Then we claim that [o] € 7(L, x). But this is simply because any vertex along «
is necessarily connected to p via an edge path, hence belongs to L.
Exercise 7.39.
(i) Write « = e1...¢e, and 8 = €41 - €man. Then (af)° : Iy, — K takes v; to p;, where p; = a®(v;)
for 0 <7 < m and p; = 8°(vi—m—1) otherwise. This is exactly ~.

(i) It suffices to show this if & and § are separated by one step. But, writing o = v(p, ¢)(q, )0 = v(p,r)d = B,
simply note that we can use the straight line homotopy from the center of (p,r) to go to gq. Resizing
intervals as necessary, as in the previous part, gives the result.

Exercise 7.40. It suffices to show that trees are contractible. This is true for zero or one 1-simplices. For
(n + 1) total 1-simplices, simply pick an edge one of whose endpoints is a leaf. Then we can contract that
edge to the other vertex, which is connected to the rest of the tree. Induction implies the result.

Exercise 7.41. Suppose e ...e, were a circuit in 77 UT5. Suppose without loss of generality that e; € T7.
Let i and j be the first and last indices, respectively, such that e;,e; € T1NT5. There is a path o which starts
with e; and ends with e; contained in 77 N7T5. Now notice that e;...e;—1ae;11... e, is a circuit contained
entirely within T3, contradicting that 77 is a tree.

Exercise 7.42. Let G be any abelian group, and let ¢ : {zF’ :  — X} — G. Our goal is to show that
there is a unique homomorphism ¢ : F/F' — G with ¢(zF’") = o(xF"’) for all F’ € F/F’. (See Theorem

4.1(1).)
As in the definition of a free group, let ¢ be the unique homomorphism from F to G with ¢(z) = ¢(xF")
for all x € X. Now define
v:F/F' -G
fF" = &(f).
To see that this is well-defined, notice that f € F’ implies that f = g~'h~!gh for some g, h € F. Thus
o(f) = l9) " e(h) "' G (9) B (h).

But G is abelian, so this is exactly 1, which proves well-definedness.
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To see that 1) does indeed satisfy that ¢¥(zF') = @(zF"), simply notice that ¢ (zF’) = @(z), which is
defined to be p(zF").

Finally, to see that ¢ is the unique homomorphism with this property, note that any other function )’
would have to have ¥'(fF’) = ¢(f), and thus be exactly equal to 1.

Hence F/F’ is indeed free abelian, with the desired basis.

Exercise 7.43. shows that the rank of the free group F is the rank of the free abelian group
F/F'. But this latter rank is invariant with respect to X.

Exercise 7.44.

(i) By picking a maximal tree T, and setting some edge not in the tree to be x, we can see that every other
edge becomes either z, z7%, or 1. Hence Ggpz 7 = Z/27Z, and Corollary 7.37 implies the result.

(i) Hurewicz’s theorem applies since RP? is obviously path-connected. Moreover, since Z/2Z is abelian, its
commutator subgroup is trivial. Thus H;(RP?) & 7Z/27, as desired.

Exercise 7.45.

(i) Pick points z,y € X. Then consider vertices p and ¢ of the simplices containing x and y, respectively.
Consider the following path: Take the straight line from x to p, then take the path mapped out by F(p,t)
as t € I, then the path mapped out by F(gq,1 —t), and finally the straight line from ¢ to y.

(ii) Let F : X x I — X have F(v,0) for all v € X" and F(,1) a constant function. Then by taking the
homotopy along F, we can go from (p,q) to the constant point, then back to some arbitrary edge of
T, where T is a maximal tree of X. Hence (p,q) = 1, implying a trivial edge path group. Thus the
fundamental group is trivial too.

Exercise 7.46. Since there are n vertices, we know that there are n — 1 edges of a maximal tree. The result
follows from Corollary 7.35.

Exercise 7.47. If X has m edges and n vertices, then x(X) = —m +n. Thus 1 — x(X) =m —n+ 1. Now
use Hurewicz’s theorem, [Exercise 7.35] [Exercise 7.42] and Corollary 7.35 to find the result for H;. Note that
Hy(X) = Z because X is connected, and Hy(X) = 0 for ¢ > 2 because X has dimension 1.

Exercise 7.48. We know that S™ is the boundary of an (m + 1)-simplex. Thus there is an edge between
any two vertices, so we can fix one vertex p and let T be the star consisting of all edges (p, q). Now consider
any other edge (¢, 7). Note that {p,q,r} forms a simplex, so (p,q)(q,r) = (p,r). But in Gk 7, we know that
(p,q) = (p,r) =1,50 (¢,7) =1 as well. Thus 7(K,p) = Ggr =1, and so m(S™) = 1. Hence S™ is simply
connected.

Exercise 7.49.

(i) Since every vertex is contained in K (@) we can pick any simplex of maximal dimension. Its vertices are
contained in Vert(K(®), but it does not itself belong in the g-skeleton.

(ii) If a full subcomplex L exists, we know that it would need to include every simplex of K with vertices in
A. Moreover, adding any other simplex would introduce new vertices. Thus such a subcomplex would
be unique. Note that the set thus described is indeed a subcomplex, since any faces of s € L would have
to have vertices in A as well.

The second part of the statement follows from the description of L.

Exercise 7.50. Consider some element [o] =€ 7(K, vp). Then there is some path o/ ~ « with o’ € w(L, vp).
Thus i[a'] = [a], proving surjectivity.

If K is the 2-simplex and L is its boundary, then obviously any closed edge path in K is also in L (and,
in particular, is homotopic to a closed edge path in L). But the fact that K is simply connected while L is
not implies that there cannot be an isomorphism.

The Seifert—van Kampen Theorem

No exercises!
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8 CW Complexes

Hausdorff Quotient Spaces
Exercise 8.1. For any z,y # 0, let A = xy~!. Then z = \y, so [z] = [y]. Hence FPY is just a single point.

Exercise 8.2. In each case, first use the fact that each space is a division ring to map [z, z1] — [1,z] =
[1, 25 21], then divide each term by /1 + [[x[|2 so that the result has magnitude 1. This gives the desired
homeomorphisms.

Exercise 8.3. Note that U(R) = {+1} =~ S°. To see the homeomorphism for C, use the map e?
cos 6 + isinf. Finally, to see the homeomorphism for H, write a given quaternion as an ordered quadruple,
and divide by its magnitude.

Exercise 8.4. Note that the real projective plane is just the quotient of S$2, where antipodal points are
identified. This is in turn equal to the quotient of R? where points on a line through the origin are identified,
ie., RP2.

Exercise 8.5. Use the map [z] — [z/|z]|] to get a homeomorphism RP™ — S™/~.

Exercise 8.6. Consider the map f taking [z1,...,%2,42] € S?" 1/~ to [21,...,2n41] € CP", where 2; =
Taj_1 + ixg; for each j. This is easily seen to be well-defined. If z,y € $?" ™! with z ~ y, then 2 = \y for
some A with |A] = 1. If f(z) = [z] and f(y) = [w;], then notice that (z;) = Mw;) as well, so [z;] = [w;].

Exercise 8.7. The same argument as above holds, this time by defining z,, = T4p_3+iT4n_2+jTan—1+kTan.

Attaching Cells

Exercise 8.8. By Corollary 1.9, it suffices to show that a I 8 is constant on the fibers of v. Thus suppose
v(s) = v(t). Tt is sufficient to suppose that ¢ = f(s) and s € A, since the relation ~ is generated by all
(a, f(a)). But if t = f(s), then we have

(@Il B)(s) = a(s) = B(f(s)) = B(t) = (a LL B)(t).
This proves the result.

Exercise 8.9.

(i) It is clear that B and B~! are contained in the equivalence relation generated by B. Note that D is as
well due to reflexivity. Finally, K is attained by (a, f(a))(f(a),a’) = (a,a’), where f(a’) = f(a). Now
note that repeating this with (a’, f(a’)) simply takes us back to (a, f(a)), so there are no other elements
in the equivalence relation.

(ii) Simply note that

a'): f(a) = f(a)}
)" H(w,y) €im(f x f)ra =y}

={(a,
=(f
= (fx )~ (Anim(f x f)).

x f
x f
This is exactly what we wanted.

Exercise 8.10. It is easy to verify that the diagram commutes. Now suppose we have some Z with functions
a: X = Zand B:Y — Z so that 8o faoi. We would like to find a function ¢ : X I} Y — Z making the
pushout diagram commute.

We will first show that, if such a function exists, then it must be unique. Since the maps X — X II; Y
and Y — X II; Y are induced by v, it follows that ¢ o v|X = « and similarly for ¥ and 5. Hence p o v
would have to be equal to o I1 3, i.e., ¢ = (a 11 8) ov~!. Note that applies, so this is indeed a
well-defined map.
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Exercise 8.11. The only case too check is if x € X and y € Y. Note that there exists some a € A, so
consider the path from z to a = f(a) to y. Hence X II¢ Y is path-connected.

Exercise 8.12.

(i) The equation given in the hint follows from Now, for the forwards direction, observe that
v(C) closed implies v~!v(C) closed in X IT'Y. Hence its intersection with Y is closed in Y. But notice
that f(CNA)NY = f(CNA). Furthermore, we know that f~1(f(CNA)) and f~1(CNY) are completely
disjoint from Y. Thus

v (C)NY = (CNY)U f(CNA)

is closed in Y, as desired.
Going backwards, observe that v~'v(C) NY is closed in Y, using the hypothesis and the argument
above. Moreover, since f is continuous, the hypothesis implies that

FFHONY)US(CNA) =fHCNY)UfTH(f(CNA)

is closed. Since C'N X is closed in X and f(C'NA)NX = (), this implies that v~1v(C)N X is closed in X.
Hence v~ 1v(C) is closed in X IIY. Since v is an identification, it follows that v(C) is closed in X 1I; Y.

(ii) The function is clearly bijective and continuous. To see that it is a homeomorphism, we will show that
it is a closed map. Thus suppose C' C Y is closed. Obviously, i(C) C X ITY is closed and has empty
intersection with X. Then to see that v(i(C)) is closed in X II; Y, simply use the previous part. In
particular, observe that

i(C)NY =4(C),

which is closed in Y, while

fa(C)nA) =9,
which is also closed, so that their union is closed. Thus v(i(C)) is closed in X IT; Y, proving that the
given function is a homeomorphism.

(iii) Again, this is clearly bijective and continuous. Since X — A is open in X, if U is open in X — A, then
it is also open in X. Note that ¢(U) is open in X ITY. Now note that ¢(U)¢ is closed in X IT' Y, and
its intersection with X is U¢, which is closed in X. Moreover, we know that its intersection with Y is
Y itself, while f(i(U)°N A) = f(A). Since Y U f(A) =Y, which is closed in Y, part (i) implies that
v(i(U)°), which, by surjectivity of v, is exactly v(i(U))¢, is closed. Thus v(i(U)) is open, proving that
this is an open, bijective, continuous map, thus a homeomorphism.

(iv) Note that ® takes A C X to A C X IIY, which is then exactly equal to the attached region of X o,vy.

Exercise 8.13.

(i) Since f is from a compact set to a Hausdorff set, it is closed. Let C be closed. Then A being compact
implies that it is closed, so C' N A is closed in X. Thus f(C N A) is closed in Y. Since CNY is closed in
Y, it follows from part (i) that v(C) is closed in X II; Y.

(ii) First, suppose that z € im ®|A. Then there is some z € X with v(i(x)) = 2, so i(z) is in the fiber. We
know that {z} is closed because Y is Hausdorff, so v=1(2) is also closed. Since v~1(z) C A, and closed
subsets of compact sets are compact, it follows that v_l(z) is compact.

Otherwise, we know that we can use either the homeomorphism in [Exercise 8.12(ii) or the homeo-
morphism ®|(X — A) to show that v=!(z) = {2}, which is indeed a nonempty compact subset of X.

Exercise 8.14. This is just invariance of boundary. Alternatively, see the proof of Lemma 8.15.

Exercise 8.15. If n. = 0, this is obviously true. Otherwise, let e = s—§~ D"~'—S§" T andlet Y = |K(»~ 1|
be a closed subset of |K| (since it’s the finite union of (closed) simplices). Then eNY = @) and e is an n-cell.
Hence Theorem 8.7 says that we need only exhibit a relative homeomorphism ® : (D", S"71) — (e UY,Y).
But letting ® be the obvious homeomorphism from D" to s works.

Exercise 8.16. Write Y = {y}. Then define the relative homeomorphism ® : (D", S""1) — (e" UY,Y)
which takes D™ — S™~! to e” in the obvious way, and takes x € S"~! to y. Theorrem 8.7 tells us that the
attachment of D™ to Y along f = ®|S™~! is a homeomorphisms between D™ /D™ = S™ and e"UY =~ e"Ue.

43



Homology and Attaching Cells

Exercise 8.17. Note that xy(K)=1—-2+1 =0, so rank Hy(K) + 1 = rank H; (K). Furthermore, doing the
same thing as with the torus in Example 8.7, we see that the projections are fa * fag ! which has degree
0, and fB* ff31, which has degree 2. Thus, since H;(S* v S') = H;(S') @ H,(S"), we can consider f, to be
the map « — (0,2z). It has trivial kernel and image isomorphic to Z & Z/2Z. Working through the exact
sequence in Theorem 8.11 gives the result.

Exercise 8.18. There are a couple typos here: In the first part, the wedge for M is of 2h circles, and in the
second part, we should have x(M) = 2 — 2h, not x(M) = h.

(i)

(i)

(iii)

(iv)

Note that each (ay,a; ') and (B;, 3; ') pair gives a circle. Since all the vertices are identified with each
other, this gives us the desired wedge product. More formally, we can define a function ® from a polygon
P to W, and let f = ®|9P. Then fo; = (fa;')~', and similarly for 3, which gives us our 2h circles. A
similar argument can be done for M’.

Note that Ho(S* Vv ---V S1) = 0. Thus we have the following exact sequence:
0 — Ho(M) — Hy(SY) L5 Hy(S'V---vSY) 5 Hy(M) — Z — 72 —Z — 0 ,

where the last few terms are just Ho(S'), Z & Ho(S' Vv --- Vv S1), and Hy(M), since all three spaces
are path-connected. The fact that this sequence is exact implies that Z? — Z is a surjection, so the
map Z — Z? is an injection. Hence Hy(M) — Z is the zero map. Thus i, is surjective and has kernel
(isomorphic to) Z"/Hy(M).

Looking at the maps from left to right now, observe that Hy(M) — Hy(S') = Z is injective. Thus
ker f, = Ho(M), so im f, = Hy(S')/Hy(M). But keri, = im f., and so it follows that

X(M) = rank Hyo(M) — rank Hy (M) + rank Hy(M) = 2 — 2h,

where we use the fact that rank Ho(M) = 1.
Now notice that the same argument as in Example 8.7 implies that f. is the zero map. Thus

Hy(M) =ker f. = H,(S*) = Z.

For Hy (M), since the flanking terms are torsion-free, it follows that Hy (M) is also torsion-free. Since it
has rank 2h, the result follows.

The same argument as before shows that x(M’) = 2 —n. This time, however, the map f, is not the zero
map. In particular, by composing with projections, we find that f. : Hy(S') — Hy(S' V.-V S!) takes
x + (27,...,2x), where we have identified Hy(S*V .-V St) with H;(S') @ --- @ Hy(S1).

In particular, we have ker f, = 0 and im f, = (Z/2Z)™. The argument before shows that ker f, =
Hy(M'), and so Hy(M') = 0. Using the Euler characteristic (i.e., a rank argument), we can conclude
that rank H;(M') = n — 1. (Note that, this time, the first homology group isn’t torsion-free, thanks to
the Z /27 terms.)

We first consider M. Note that it only has one vertex, say v. Thus, with chains

Ey=W), Ei={(a1)®(B1) D ®(an) ®(Bn), Eo=(v),

we have
OW=a1+01—a1—p1+---=0, da; =00, =v—v=0, Ov=0.
Hence it follows that
Zy=(P), Zi=()®B1)®..., Zy=(v),
By=0, B =0, By =0

Thus we have
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Now, for M', with the natural chains, we have
OP =2aq1 + -+ 2a,, 0Oa; =0, Jv=0.

Thus we conclude that

ZQ =0 Z1 = <Oél>@@<an>; ZO = <U>7
By =0, Bi=(2(ai+-+a)), By=0.

This gives us that
Hy(M') =0, H\(M')=1Z"/2Z=27/2Z& 2", Hy(M')=1Z,

which coincides with the previous parts.

CW Complexes

Exercise 8.19. Note that U C X is open if and only if U¢ C X is closed, which is in turn the case if and
only if U°N A; is closed in A; for all j € J. But UNA; = A; — U°N Aj, so this last conditiono is true if
and only if U N A; is open in A; for j € J.

Exercise 8.20. It is obvious that {Y N A;} fits the conditions (i)-(iii). Now note that if ' C Y is closed in
the subspace topology, then F' =Y N F’ for some closed F/ C X. Hence

FN(YNA)=YNF NYNF; =Y NA4;)NEF".

Of course, this is closed in Y N A, so F' must be closed in the weak topology.

Now suppose F is closed in the weak topology. Then F N (Y N A;) is closed in all Y N A;. Since YV is
closed, we know that F'N'Y N A; must also be closed in A;. This is true for all j, so F NY is closed in the
weak topology on X, i.e., as a subset of X. Thus F'= FFNY is closed as a subspace of Y.

Exercise 8.21. By Lemma 8.20, we know that A closed in X implies that AN X" is closed in X’ for all finite
subcomplexes X’. Theorem 8.19 says that this implies that, for all compact K of X, we must have AN K
closed in K. Thus, by definition, it follows that A is closed in the weak topology generated by compact
subsets.

Now suppose AN K is closed in K for all compact K. Since finite subcomplexes are compact, it follows
that AN X’ is closed in X’ for all such X’. Hence A is closed in X.

Exercise 8.22. To see that X(©) is discrete, simply let A € X(©. Then A Né is the finite union of 0-cells,
and hence is closed.

To see that the 0-skeleton is closed, note that X(©) N is a finite union of O-cells, and thus is closed in é.
This is true for all e, so X(@ is closed.

Exercise 8.23. If A is closed, then obviously A N X is closed in X . Now if AN X is closed in
X ™) for each n, pick X’ to be any finite complex. Let n be the highest dimension of any cell in X’. Then
ANX' = (AN X™)N X’ must be closed in X’. Lemma 8.20 implies the result.

Finally, the corresponding statement for open sets follows from

Exercise 8.24. This is simply because each n-cell is just D™ — S"~1; the attachment is given by ®.(S"~1)

according to [Exercise 8.12(iv).

Exercise 8.25. This is visually clear. Alternatively, with o and § as the edges, and v as the vertex, we can
notice that there is a relative homeomorphism

®:(D? 8" = (T,aUBU{v})

since D? 221 x I. Since a and 8 are 1-cells, and v is a 0O-cell, it follows that this map gives T as the union of
two 1-cells, one O-cell, and one 2-cell (namely im ®|(D? — S1)).
The same argument can be done for the Klein bottle.
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Exercise 8.26.

(i) They both violate closure finiteness since the closure of the base point intersects infinitely many cells.

(ii) The set of all {1/n} is closed in the weak topology, but not as a subspace.
Exercise 8.27. The same proof as Theorem 7.1 holds, but with D™ in place of A™.

Exercise 8.28. First, observe that the 1-skeleton is always nonempty (as long as X is nonempty). In
particular, suppose e is an n-cell in X, where n is the smallest dimension of a cell in e. Then the relative
homeomorphism (D", $"~1) — (eUX ™~V X(™=1) implies that there is a map between S"~* and X (=1 =
(), which is impossible. Thus there must be some 0-cell, and so the 1-skeleton is nonempty.

In fact, there must be some part of the 1-skeleton in each path component. Thus if X is disconnected,
then its 1-skeleton must be as well.

Now suppose that the 1-skeleton is disconnected. We can easily show that X (™) disconnected implies that
X (+1) s disconnected. Since X is the union of all its skeletons, and since X (") C X +1 it follows that X
being connected would have to imply that there is some n with X (™ connected. Since X(©) is discrete, hence
disconnected (unless it has one element only, in which case the 1-skeleton would be connected), it follows
that n > 1, and so this provides the desired contradiction.

Exercise 8.29. The forward direction is obvious. Now suppose that f®. is continuous for all e. Let K C Y
be closed and let e be a k-cell. We want to show that

fina. (DY

is closed in € = ®.(D*). But ®, is a relative homeomorphism and is, in particular, a closed map on
DF — §k=1_ Now, because
O (fTHE) N @ (DY) = (f)H(K) N D

€

is closed in D*, we’re done.
Exercise 8.30.

(i) Consider attaching the (closed) top half of the circle to the topologist’s sine curve (which maps 0 to 0
and z to sin(1/z) for « € (0,2x]). Then attach the (closed) bottom half of the circle to the same curve,
but running backwards. Obviously this is a CW complex. But it is connected and not path-connected,
violating [EExercise 7.35] Hence this is not a polyhedron.

(ii) If n = 0, this is obvious. Suppose this is true for n. Say we attach k total (n + 1)-cells. (Note that this
kind of inductive creation of CW complexes is made possible byy Theorem 8.24.) Note that an (n+1)-cell
is homeomorphic to an open (n+ 1)-simplex. Furthermore, the attachment map can be approximated by
a simplicial map. Since simplicial approximations are homotopic to the original maps, the result follows.

Exercise 8.31. Here we can use the same cells and attaching maps, only with the basepoints all identified.
For any cell not equal to the basepoint, its closure is contained in whichever X the cell was originally in,
and thus intersects only finitely many cells. The closure of the basepoint is itself, and only intersects itself.
This proves closure finiteness.

To see that this has the weak topology, simply note that if A is closed, then A N X is closed, where we
identify X, with its natural image in \/ X. Thus, since the closure of any cell is contained within X for
some A, it follows that ANé= AN X, Neis closed in € for every e.

Exercise 8.32. The first and second conditions of a CW complex are clearly satisfied since D7 is home-
omorphic to [0, 1]*7.

To see the third condition holds, use the equation in the hint. Notice that all four expressions on the
right side intersect finitely many cells in X or X’. In particular, it follows that (€ —e) x & intersects finitely
many cells of E”, and similarly for the other term. Thus e x €’ intersects e x €', plus these finitely many
other cells. This proves closure finiteness.

Finally, for the fourth condition, note that the weak topology is just the product topology when working
with finitely many factors.
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Exercise 8.33. With notation as suggested in the hint, suppose the intersection of A and every cell in E”
is closed in the cell. Now observe that

exad=éexa,

and similarly for 6°. Moreover, we know that
excl=[(e—e)xI U (ex (a®Ub’))U(exch).
But now observe that € = eU (€ — e), so that the middle term can be rewritten as
ex (a®Ub’) = (ex (a®Ub”)) U ((e—e) x (a®UD")).
Since a® U b U ¢! =1, it then follows that
excl=[e—e)xIU(exDU((e—e)x (a®Ub’)) =exL

Now let mx and 7 be the projections to X and I, respectively. We know that wx(A) Neé is closed in
each e, since mx(A) N € is closed in each &, and similarly for m(A) N a® and m(A) N Y. Moreover, since
m(A) Nel = m(A) N1, and since AN (€ x 1) is closed in & x I, it follows that the intersection m(A) Nl is
also closed in I.

Thus 7x (A) and 71(A) are closed, so A is closed, as desired.

Exercise 8.34. Let i: Z — Y and j : Y — X be the injections. We can now easily check the criteria for a
strong deformation retraction. In particular, note that

7’17“2ji = Tllyi = Tli = 12,

while
Jirire = j(iry)re = j,2rel Z ~ 1x rel Z,

since Y C Z.

Cellular Homology
Exercise 8.35. ®
Exercise 8.36.

(i) If X is compact, then it is finite. Thus Wy (X,Y) = Hg(X%, X&) is free abelian of rank equal to the
number of k-cells in F — E’. Say this rank is ;. Then we know that

Hip(X,Y) 2 H,(W.(X,Y)) =kerdy/imdg41,
but both kerdy and imdj1 are subsets of Z™. Thus Hy(X,Y) is finitely generated.
(ii) This is the same proof, since 7 is at most the number of cells of dimension k.
Exercise 8.37. Using the cellular decomposition for RP*> = | JRP", we find that
Wi(RP®) = Hi(e®U---Uer P U---uel),

which is obviously free abelian of rank 1. It follows that the we get a chain --- - Z —-Z — Z — ..., so the
kernels and images of each map must be 0 or Z. Hence Hy(RP>) = Hy(W,(RP)) is either 0 or Z.

Exercise 8.38. Let by be the basepoint of X,. Then we know that \/ X, = [[Xx/{br}. Let v be the
natural map. Then Theorem 8.41 implies that v, induces an isomorphism from

H, (]_[ Xy, {bA}) =, (\/ XA> .

Of course, Theorems 5.13 and 5.17 also imply that the left side is equal to
> Hi(X),
A

which implies the result.
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Exercise 8.39. To do this, we simply compute da, d;,do. In particular, since W(T) is generated by e?, we
know that dy = 0e? = 0. Similarly, we find that d; = dg = 0. This gives the result.

Exercise 8.40. Use[Exercise 7.19] In particular, this implies that

(™ x S = 0 . ifmornodd.
4otherwise
Exercise 8.41. Use the cellular decomposition of CP™. In particular, we know that CP™* = e U --- U e??,

and so the only nonzero «; are for even i. Thus
X(CPY) =) (-1)la;=1+1+-+1=n+1
The same argument holds for HP™.
Exercise 8.42. This is again obvious:
X(RP")=1—-14+1-1+...
is equal to 0 if n is odd and 2 if n is even. This is exactly 1 (1 + (—1)").
Exercise 8.43. This is simply the principle of inclusion-exclusion.

Exercise 8.44. It is sufficient to show that ~ is closed. Notice that
p

{(20, 21, 22, 23) : K™ (20, 21) = (22, 23)} = U {(20, 21, 22, 23) : K" (20,21) = (22,23)} = U Sm.-

m=1

because h? = h. Thus it suffices to check that each S, is closed. Suppose that (2o, 21, 22, 23) € Sy,. Say that
29 # (™zp; note that a similar argument can be given if z3 # ("9z;. Then there is an open neighborhood
with coordinates (xg, 1,2, x3) on which (™ (x¢) # z3 since ("x — y is continuous. Thus (S,,)¢ is open,
which proves that S, is closed, as desired.

Exercise 8.45.

(i) Note that ¢ =1, so h is just the identity. Thus %/~ = §3

(i) Now we have ¢ = —1, so h maps antipodal points to each other. Thus S%/~ = RP3.
(i) In this case, we know that (7 = ¢, so hg = hg. Thus L(p,q) = L(p, ).

Exercise 8.46.

(i) Since this is a finite decomposition, we only need to verify the first two conditions for a CW complex.
The first is clear by definition. For the second condition, the maps are obvious for €2 and el. For €2, we
use the fact that z; = 21(z0) is determined by zg. Thus the map

20 — (20,21(2’0))

3

works. Finally, for e, take (29, 60) and map 6 linearly onto (277 /p, 27 (r +1)/p).

(ii) It is easy to check that el ~ e’, for each i.
Exercise 8.47.
(i) This is the cellular boundary formula, or just a generalization of the argument for Lemma 8.46.
(ii) For D(71), simply notice that
D(m) = vgdivg' () = vgdie; = vg(e] —eyq) = 0.
A similar argument holds for the other differentiations.

(iii) This is obvious from the chain complex:

Wi=0 7z2s7 2,7 - %.,7 0=W_,
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9 Natural Transformations

Definitions and Examples

Exercise 9.1. This is obvious from Lemma 4.8.

Exercise 9.2. This is exactly the statement of [Exercise 4.10
Exercise 9.3. The commutative diagram in is exactly the statement that the map is natural.

Exercise 9.4. Commutativity of the diagram

H,(X,A) — H,(V,B)

o| o
anl(A, (Z)) m anl(B7 (Z))
follows from the exact sequence in Theorem 5.8, since H,,_1(A4,0) = H,_1(A).
Exercise 9.5. This is again precisely the statement from
Exercise 9.6.

(i) Suppose 0 : F — G and 7 : G — H are natural. Then we can “stack” the commutative diagrams:

©) L5 F(D)

1l

)
(C) — G(D
)

o

q

Q

3

e| |

H(C) 5 H(D)

Hence it follows that 7o = (tco¢) gives a natural transformation.

(ii) Reflexivity is due to the commutativity of the following diagram:

Fo) 2L Go)
lF(C)J/ llc(c)

F(C) —£L5 Go)

To see symmetry, simply choose 7 ! for each object C. This can be done because each 7¢ is an equivalence.
Finally, transitivity follows from the previous part and the fact that the composition of equivalences is
an equivalence.

Exercise 9.7.
(i) If ¢ € Nat(Hom( , A), F'), then ¢4 is a map from Hom(A, A) to F(A). Since 14 € Hom(A4, A), it follows
that 04(14) € F(A). Thus y is a well-defined function.

(ii) We must check that 7 € Nat(Hom( ,A),F) whenever u € F(A). First, observe that 7x is indeed
a morphism from Hom(X, A) to F(X). After all, if f : X — A, then Ff : FA — FX. Hence
7x(f) = (Ff)(n) is an element of F'(X).

To see that 7 is natural, we must show that the following diagram commutes for all f: X — Y.

Hom(X, A) +222"A  Hom(y, 4)

ij/ TY

F(X) ¢ F(Y)
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But for each g € Hom(X, A), we know that

(Ff)ory(g) = (Ff)(Fg(p) = Flgo fu,
while we have Hom(f, A) = f*, so that

7x o Hom(f, A)(g9) = 7x o f*(9) = 7x(go f) = F(g o f)p.

These are equal, so 7 is a natural transformation.
(iii) First, we will show that y oy’ : F(A) — F(A) is the identity. Let u € F(A). Then we know that

y' () ={7x + f = (F)(w)},

and so we have that
y(' (1) = (¥ (1) a(la) = F(1a)(p).

But F' is a functor, so F'(14) = 1p(a), and so this is exactly equal to 1p(4)(1) = p, which proves that
y oy’ is the identity on F'(A).
Now to check y'y, suppose ¢ € Nat(Hom( , A), F). Then we know that

Y () ={rx : f = (Ff)pa(la))-

We would like to show that
(Ff)(pa(la)) = oxf,

since this will imply that ¢/ (y(p)) = ¢. But we know that the following diagram commutes:

Hom(X, A) PEA Hom(A4, A)

Jm

F(X) ¢ F(A)

Thus we know, in particular, that

Ffopa(la) =pxf*(1a) = px(lao f) =gz o0 f.
This is what we wanted.

(iv) If ¢ : Hom( , A) — Hom( , B) is natural, then we have the following commutative diagram:

Hom(X, A) Hom(/,4) Hom(Y, A)

HOIH(X, B) W HOm(Y B)

Let F be the functor Hom( , B). Then we know that

ex(f) =y (y(@)x(f)
= (Ff)(pa(la))
= Hom(f, B)(pa(14))
=¢a(la)o f,
where f: X — A. Thus px(f) = uf, as desired.
(v) Same proof.
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Exercise 9.8. We must verify the properties of a category. To see that the family of Hom(F, G)’s, where F
and G are functors ¢ — &7, is disjoint, notice that this means that there exists some 7 = (7¢ : F(C) — G(C))
and o = (o¢ : F'(C) — G'(C)) which are equal. Hence F(C) = F'(C) and G(C) = G'(C) for all C, since
Tc = o¢ is in both Hom(F(C), G(C)) and Hom(F'(C),G'(C')). Since this is true for all C' € €, it follows
that F' = F’ and G = G'.
Composition of natural transformations reduces to composition of morphisms, which is associative.
Finally, note that 14 € Hom(F, F') given by

la={(1a)c = 1re)}
works as an identity morphism.
Exercise 9.9.
(i) We shall verify the properties of a contravariant functor. The functor gives us a complex

On

Cht1 Onit Ch Cno1 Co C_

Since C), is abelian, we know that n € Z implies that C(n) = C,, € Ab.

The only morphisms in Z are ¢;; when 2 < y. Note that C(L;”) is the composition 0,41 0 ---0 0y :
Cy — C. We must verify that composition is reversed and identities are respected. But this is clear
from the definition:

T __

iota?
Jiota? o 1y

x
L, = x+1o"'oaz

is exactly C(uy) o C(¢¥), and C(¢) is the composition of an empty set of differentiation operators, and
thus is the identity.

(ii) The chain map condition is exactly the condition of commutativity.

Eilenberg—Steenrod Axioms

No exercises!

Chain Equivalences

Exercise 9.10. To prove (i) implies (ii), note that ps = 1¢ implies s is injective. Then the same argument

~

as in Corollary 9.2 implies that B = ker p@im s. Of course, we have kerp = imi and C' = im s = s(C) = C.
Since p(C”) = C, this proves the first implication.
The second implication is clear. In particular, consider ¢ : B — A defined by (i(x),¢) — 2. Then
qi(a) = q(i(a)) = a.
Finally, to show (iii) implies (i), define s(c) as
s(e) =p~H(e) —igp™* (o).
To see that this is well-defined, pick b € kerp = im ¢, so b = i(a). Thus b — ig(b) = i(a) — igi(a) = 0. Hence

p(b) = p(b') means that b —ighb = b’ —igb’, proving well-definedness. To see that this choice of s gives a split
exact sequence, simply verify that

ps(c) = p(p~*(c) —igp~ () = ¢ — pigp™*(c).
Since pi = 0, this is equal to c.

Acyclic Models

Exercise 9.11. First we show that the diagram given by Rotman commutes, i.e., that

8n(tn - t;n _Snfldn) =0.
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We know that
Oty — Onth, — Opsp_1dy =ty _1dp —t,,_1dy — Onsp_1dp.
The inductive hypothesis implies that
Onsn_1=tn_1—t, 1 —sn_ody_1.
Plugging this value in and canceling gives us
Oty — Ontl, — OnSp_1dyp = 8p_ody_1d, =0,

because dd = 0.
Thus the diagram commutes. In particular, we know that

im(t, —t, — sp_1dy,) C kerd,, = im 9y, 41,

where the final equality comes from the fact that E, is an acyclic complex. This means that we can rewrite
the diagram as follows:

F

tnt'nsnldnJ

En+1 TH) 1m(tn—t;—sn,1dn) W 0
= im 8n+1 = ker 8n

Thus Theorem 9.1 implies that we can find s,, with the desired properties.

Exercise 9.12. We have F(g) = F(0+ g) = F(0) + F(g), so F(0) acts as the 0 element. If A is the zero
group, then its identity is the zero homomorphism. Hence 1p(4) = F(14) is the zero homomorphism, so
F(A)=0.

Exercise 9.13.

(i) We'll prove the covariant case. By [Exercise 9.10] we have a morphism ¢ : A — B with ¢i = 14. Note
that (Fp) o (F's) = F(pos) = F(l¢) = 1p), and similarly for ¢ and 4, so that we still have a split
sequence, as long as it is exact. Moreover, these imply that F'p is surjective and F'% is injective.

It now suffices to check that im F'i = ker F'p. But notice that B = ig(B) @ sp(B) implies that F(B) is

equal to the functored version of the right side, thus making the center of the short functored sequence
exact.

(ii) This simply uses induction on |I| = n + 1 and the following short exact sequence:

0 ’ Z:‘L:l A *Z> 2?211 Ay L> An+1 — 0.

Note that this is split exact with s : ap41 — (0,...,0,a,41). Thus the previous part applies, and

implies that

n+1 n n+1
F (Z Ai> ~F (Z&) ®F(Ap) = ZF(Ai)>

where the last equality follows from the inductive hypothesis.
Exercise 9.14.

(i) If 0,0n+1 = 0, then F(9,0n,4+1) = 0 thanks to additivity. This proves that the functored complex is a
chain complex too.

(ii) Note that f,—10, = 0., fn implies that F(f,—10,) = F(0, f.). Since functors respect composition, this
proves the result.
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(iii) Note that additive functors respect homotopy because they rerspect both composition and addition.
Hence if g : B. — A, makes f an equivalence, i.e., if go f ~ 14, and fo g~ 15, then it follows that

FgOFf’ZFlA* = 1FA*7
and similarly for B. Hence Fg is an inverse for F'f, so F'f is a chain equivalence.

Exercise 9.15.

(1) This simply involves applying Corollary 9.13(ii). In particulars, we know that F, and S, arer both
free with basis in M = {AP}. We want to show that AP is totally S- and F-acyclic. But notice that
H,,(S.(A*)) = 0 because A is contractible, and similarly for F),, since it coincides with C), ono A. This
proves acyclicity, and so the two are naturally chain equivalent.

(ii) Theorem 9.8 implies that singular and large simplicial homology are the same, while Theorem 7.22 implies
that normal simplicial and singular homology are the same.

Lefschetz Fixed Point Theorem

Exercise 9.16. Notice that 1¢ induces lg)ic @  +tG +— x +tG. Hence, with any basis {x1,...,2,} of
G /tG, we have 1/ equal to the identity matrix whose dimension is rank G /tG.

Exercise 9.17. A basis {z1,...,2;} of G'/tG’ can be extended to {z1,...,2z,} of G/tG. Since G is just
G/G" and f"(g+ G') = pf(g9) = f(g9) + G". Thus f"(z; + G') = f(z;) + G’ for i = k +1,...,n. Thus the
matrix of f is diagonal, of the form shown on p. 259 of the textbook, which implies the result.

Exercise 9.18. If f: S™ — S™, then fo. and f,. are maps Z — Z. Note that fo. is the identity, and thus
has trace 1. If tr f,,, = 1 as well, then the whole map is homotopic to either the identity or the antipodal
map, implying that f is a homotopy equivalence. Thus tr f,,. = 0, and so A(f) = 1 # 0. The Lefschetz fixed
point theorem implies the result.

Tensor Products
Exercise 9.19. Note that
a®@0+ad @V =a®0+ @V + (d —a)®)
=a®b +(d—a)xV
=d®b,
and similarly for 0 ® b.

Exercise 9.20. We would like to show that m(a,b) ~ (ma,b) for m € Z. It is true for m > 0 by induction,
true for m = 0 by and true for m < 0 by inverses.

Exercise 9.21. The hint gives the full solution. If a € A then there exists some m > 0 so that ma = 0.
Hence a ® ¢ = ma ® (¢/m) = 0. Since this is true fora all generators of A ® Q, the result follows.

Exercise 9.22. Let m be the order of a € A and n the order of b € B. Then we know that ged(m,n) = 1,
so that there exist integers z,y with ma 4+ ny = 1. Hence we have that

a®b=a® (mz+ny)b
= (mx +ny)(a®Db)
=ma(a®b) + ny(a ® b)
= (mza®b)+ (a ® nyb) = 0.

Exercise 9.23. This is the exact same argument as Corollary 9.27.

Exercise 9.24.
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(i) Use Theorem 9.25(ii) with the fact that A x B = B x A.

(ii) To see this, simply consider the following commutative diagram:

Ao B 2% 490

| |

B®AWC®A

Exercise 9.25. Note that TAo(f +¢9) =14 ® f 4+ 14 ® g, since both maps complete the diagram

Ax B A® B

X e

A®B

where ¢(a,b) = (a, (f + ¢)(b)). But note that 14 ® f + 14 ® g is just Ta(f) + Ta(g), proving additivity.

Exercise 9.26. This is clear, since we have

luy@f: A9 B— AXxB
a®b—a® fo=a®@mb=m(a®D).
Exercise 9.27.

(i) This is easy to show directly. In particular, we show that ¢ — 1® a is an isomorphism. We would like to
show that I®@ a=n®bifnb=a. Bt n®b=n(1®b) =1® (nb) = 1® a, as desired. Hence this map
is surjective. It is injective because, otherwise, every 1 ® a would be 0, which would violate the universal
property of tensor products given by Theorem 9.25. Hence this is an isomorphism.

(ii) We must show that the following commutes:

ZoA 2% 798

ml lﬂg

This commutes because
o (la®f):(n,a) = (n, f(a)) = nf(a),

while
fora:(n,a)— nar— f(na),

and nf(a) = f(na) since f is a homomorphism.

Universal Coefficients
Exercise 9.28.
(i) We can write F' = )" A; where A; = Zxj, and F' =) A} where A} = Zz). Then F ® F’ is just
FoF' =F®) A => (FoA)
> (> aea)

=> A; @A
4.k
But it is easy to verify that A; ® A} = Z(z; ® x},) = Z, which proves the result.
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(ii) This is obvious from the previous part since
rank F @ F' = |J x K| = |J||K| = rank F rank F’

Exercise 9.29. This is simply an application of Theorem 9.28 and Corollary 9.30, along with [Exercise 9.27]
We end up with
A®B=17/27®7/32& 7308 7/57.& /51 & 7/5T.

Exercise 9.30.

(i) Using coordinate-wise addition and scalar multiplication of the form

Py (49 =Y (pgi i)

shows that Q ® G is a Q-vector space. Hence dim Q ® G is defined.
(ii) This follows immediately from the Tor exact sequence, along with the fact that Tor(Q, B) = 0 for all B.

Exercise 9.31. This is simply a calculation using the properties of Tor. We end up with
Z/37 & Z7/5Z.

Exercise 9.32. Using |[Exercise 9.30| with the short exact sequence
0—F—-G—-G/F—=0

gives us
dmQ® G =dimQ® F +dimQ ® G/F.

But dimQ ® G/F = 0 by [Exercise 9.21] and the fact that G/F is torsion. Moreover, we know that Q ® F
has basis (1,z;), where z; is a generator of F, so dimQ ® F' = rank F' = rank GG, which proves the result.

Exercise 9.33. Note that [Tor 1] and [Tor 5] imply that there is an exact sequence
0 — Tor(B’, A) — Tor(B, A) — Tor(B",;A) + BB ® A—-B®A— B"®A—0,

since B® A~ A® B by [Exercise 9.24] But if A is torsion-free, then Tor(B”, A) = 0 by [Tor 2], which gives
us the desired exact sequence.

Exercise 9.34. This is false! Consider, for example, when F = Z and H = Z/2Z, and a =2, h = 1. In
general, we need the condition that if a = )" m,x;, where {z;} is a basis for F, then m;h # 0 for at least

some j. After all, we need that
a®h= (Mjl’j & h)j = (mjh) 7& 0.

Exercise 9.35. Let a be the map (clsz) ® g — cls(z ® g). Then the Universal Coefficients Theorem implies
that
0 — H,(X)®G —* H,(X;G) — Tor(H,_1(X),G) —— 0

is exact. Of course, since G is torsion-free, we know that Tor(H,,_1(X),G) = 0. Hence « is an isomorphism.
Exercise 9.36. Use the second part of the Universal Coefficients Theorem. In particular, it gives us that
Ho (X3 Zjm2Z) = (Ho(X) © Z/miZ) & Hoy(X) 1),

since

Tor(Hp,—1(X),Z/mZ) = H,—1(X)[m]

by [Tor 4]. If H,_1(X) is torsion-free, the second term is zero, which gives the conclusion.
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Eilenberg—Zilber Theorem and the Kiinneth Formula
Exercise 9.37. This is a straightforward calculation. In particular, we find that
A )n-1Dn(ci @ ej) = (MA@ p)p-1(de; @ e + (—1)"c; @ De;)
= (N1 ®@ ) (dei ® e5) + (A ® pj-1)((—1)"e; @ Dey)
= A\i—1de; @ pje; + (—1)i)\ici ® pj—10e;.
A similar calculation gives
Dy (A® p)n(ci @ €5) = Dy, (A @ pj)(c; @ €5)
= D (Xici ® pje;)
= dX\ic; ® pje; + (—1)" Nie; ® O(pje;).
Of course, we know that dA = Ad and du = pud, which implies the result.

Exercise 9.38. Note that it suffices to prove the hint, since transitivity will finish the proof. The proof of
the hint is a routine, if long, computation.

Exercise 9.39. Suppose A : C, — C; and X' : C}, — C, with Ao N ~ 1¢, and N oA =~ 1¢,. Similarly define
w and g’. Then [Exercise 9.38| implies that

A@p:C.®E, - CL®E.,
and similarly for N’ ® p'). But
AopoNeu)=AXN)® ') ~=1c, ®1p =lcep,.
The same calculation holds for the other composition, which proves chain equivalence.

Exercise 9.40. Each n (i.e., each 0 — S/, — S, — S/ — 0) works because E, is a chain complex, hence
E, is free.

Exercise 9.41. For n > 1, we know that H,(X) = 0= H,(Y). Hence the Kiinneth formula implies that
H (X xY)= Y H(X)oHj(Y)e Y. To(H,(X),H,(Y)).
i+j=n pa=n—1

But the first term is 0 since one of 4, j is at least 1, and thus one of H;(X), H;(Y) is 0. The second term
is zero since the only way for H,(X) and H,(Y) to both be nonzero is if p = ¢ = 0, in which case both
homology groups are free. Hence the torsion Tor(Hy(X), Hy(Y)) is zero in that case too.

Exercise 9.42. For path-connected X and Y, we have

But Ho(X) = Ho(Y') = Z, and so using gives us that the first two terms are Hy(Y') and Hy(X),
respectively, while [Tor 2] implies that the last term is 0. This gives the first equation.
For Hs, notice that the Tor terms have either Hy(X) or Hyo(Y"), so [Tor 2] implies that they are 0. Hence

Hy(X xY) = [Ho(X) @ Hy(Y)] @ [Hi(X) @ H1(Y)] @ [H2(X) ® Ho(Y)].
Using Ho(X) = Ho(Y') = Z again gives the result.
Exercise 9.43. This splits into multiple cases and is slightly annoying. We end up with the following:

0 p>n+2
7Z3®7/27 p=n+1,n odd
Z7)27 p=n-+1,n even

H, (K x RP") Z&Z/2Z p=n,n odd

b Z/27. & 7/27 p=mn,n even

VAPYACYARYA l<p<n
Z2L®L/2Z D LJ2Z p=1,p#n
Z p=20
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Exercise 9.44. We once again have many, many cases.

Y/ p=0m=#0
7® 7 p=m=20
727 p odd,p < min(m,n)
ZOZ/2Z modd,p=m
Hy(RP" x S™) = Z/ZZ m odd, p odd between m and n
m odd,p even,p < m+n
/ m even,p =m
Z®7Z/27Z m even,p odd between m and n
/ m even,p odd,p < m+n
0 otherwise

(Something like that, I can’t quite read my work anymore.)
Exercise 9.45. This is the exact same idea, but I'll admit I didn’t work it all out.

Exercise 9.46. It turns out that the machinery we have (i.e., fundamental groups) isn’t sufficient to dis-
tinguish S' Vv §2 v S3 from S x S2, as they both have fundamental group Z. In fact, this seems to require
cohomology (see 77).

Exercise 9.47. We use the Kiinneth formula here. Note that the homology groups of S! are all cyclic or
zero, so the Tor terms are zero. Hence

Ho(S' xS = > Hi(S") @ H;(S").
i+j=n
If n > 2, then one of H;(S') and H;(S!) is zero, so
H,(S' xS =0 n>2.
When n = 0, then we have i = 0,5 = 0, so
Ho(S*xSY=7ZZ=17
If n =1, then we have (4, j) = (0, 1), (1,0), and so
H(S'xSY=20Z207ZRZ=281.
Finally, if n = 2, then we only have to consider (i,7) = (1, 1), so that
Hy(S*'x SY =207 =17

Now recall that
Hy (K1 V Ky) = Hy (K1) ® Hy(Ka),
so we know that
H,(S*v S'vSY)~H,(S*) @ H,(S") @ H,(SY).

We know the homology groups of S' and 52, and working them out gives the same homology groups as
those of St x S*.

(Interestingly, the fundamental groups of these two spaces are different from one another, which one can
show using Seifert—Van Kampen. I wonder if Rotman mixed up this problem with )

Exercise 9.48.
(i) This is straightforward using the fact that the homology of wedges is the direct sum of homology groups.
Hence both homology groups are Z when n = 0,3, Z/2Z when n = 1, and 0 otherwise.
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(ii) According to a cursory search online, this requires universal coverings.

(iii) This seems to be another mistake on Rotman’s part, as he seems to have thought that RP3 and RP?V S3
had different fundamental groups. In fact, they both have Z/2Z as their fundamental group, and so it is
obvious that RP3 x RP? and (RP?V $3) x RP? have the same homology groups and fundamental group.

Exercise 9.49. Since the homology groups of S! are all cyclic or zero, the Tor terms in the Kiinneth formula
don’t count. Suppose that

Hy (1Y) =230,
Note that this is true for » = 1. Then we have that

Hy(S'x T = Y Hi(S") @ Hy(T"™ ") = Hy (T ") © Hyp 1 (T771).
i+j=n

(2D -0)

Ho(TT) = Ho (S x 771 = 2.(0).

But of course we know that

and so it follows that
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10 Covering Spaces

Basic Properties

Exercise 10.1. Obviously R is path-connected and exp is continuous. Furthermore, for each exp(2it) € S*,
consider the neighborhood S* \ {exp(rm + 27it)}. Of course, we know that

1 1
—1 _ = -
exp (U) = <n+t 27n—|—t—|—2>7
ne”Z
so U is evenly covered.

Exercise 10.2. To see that py : 2z +— z¥ is continuous, pick some open U C S*. Pick exp(2rit) € p; ' (U),
so that exp(2mikt) € U. Then there is some ¢ > 0 so that

{exp(2mikz) :t —e<x <t+e} CU.

Then it follows that the open set {exp(2miz) : t — e < < t + ¢} is contained in p; ' (U), so that p; ' (U) is
open. Hence py is continuous.
To see that (S1,py) is a covering space, let eexp(2mit) € S'. Pick the open neighborhood

U = {exp(2miz) : t — 3 <z <t+ 3}

_ L t—14n t+3+n
pkl(U): U {exp (2#2%):2<x<2>},

nez

Note then that

proving that U is evenly covered.

Exercise 10.3. Informally: Note that a point of RP™ corresponds to a pair of antipodal points in S™. Given
some point in S™, there is always a small open neighborhood which does not intersect its reflection (which
is a neighborhood of the antipodal point). This neighborhood is evenly covered.

Exercise 10.4.

(i) Consider any (basic) open neighborhood of xy. The preimage of this neighborhood under ¢ looks like
two disjoint intervals on S'. The only possibility is if ¢ restricted to a homeomorphism on each of these
intervals. But this isn’t the case (surjectivity fails), so no neighborhood of z is evenly covered.

(ii) A non-tangency point obviously has an evenly covered neighborhood, while xy has an evenly covered
neighborhood whose sheets correspond to small neighborhoods of the infinitely many tangency points of
X.

Exercise 10.5. Each element of p~!(x() belongs to a different sheet, since p is a homeomorphism on each
sheet. Thus p~!(zp) is discrete.

Exercise 10.6. Since a covering projection is a local homeomorphism, it follows that local topological
properties are all inherited by picking a suitably small neighborhood of any given point.

Exercise 10.7. If p~1(U) = J S; and S/ C S; is p~1(V) N S;, then note that p~1(V) = |J S!. Furthermore,
we know that p : S, — V is a homeomorphism since p : S; — U is a homeomorphism and p(S}) = V. Hence
V is evenly covered.

Exercise 10.8.

(i) Pick (z1,22) € (X71,X2). Suppose neighborhoods U; of z; are p;-admissible for ¢ = 1,2. In particular,

write
prt ) =S prt () =T
Then it is easy to check that
(p1 x p2) (U1 x U) = USi x T;.

Note that R is a covering space of S* (Exercise 10.1)), and so it follows that R x R covers the torus S* x S*.
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(ii) Either using|[Exercise 10.2|or by noting that (X, 1x) covers X for any path-connected space X, it is easy
to see that S is a covering space of S'. Hence the conclusion follows from the previous part.

Exercise 10.9. Note that ¢ = a~!pf is continuous. Since Y and X are homeomorphic, we know that Y is
path-connected.

Now let y € Y correspond to « € X, i.e., have a(y) = x. Note that = has a neighborhood U, such that
p~Y(U,) = JS; for sheets S;. Write 371(S;) = T}, where T; and S; are homeomorphic. Observe that

o(Ti) = o= 'pB(T;) = o~ 'p(8;) = o~ (Us).

Moreover, we know that ¢|T; is a homeomorphism, because p is a homeomorphism on S;, making ¢ = a~pf3
a composition of homeomorphisms. Hence a~1(U,) is a g-admissible neighborhood of .

Exercise 10.10. In this case, we have p,m ()?, Zp) trivial, so that

m = [m1 (X, o) : pam1 (X, Zo)] = [m1 (X, 20)].
If m is prime, then the only group of order m is Z/mZ.
Exercise 10.11. This is the same logic as [Exercise 10.10

Exercise 10.12. Pick v € U. Then p~1(U) has cardinality m. But no two elements of p~!(U) can be in
the same sheet, else p|S; would not be injective, while there is at least one element of p~!(U) in each S;, else
p|S; would not be surjective onto U. Since no element can be in multiple sheets, as the sheets are disjoint, it
follows that the elements of p~!(U) can be put into 1-1 correspondence with the sheets S;. Hence |I| = m.

Exercise 10.13.
(i) Note that [f] € ker @ iff Z[f] = Z for all & € p~!(x). By definition, we know that #[f] = f(1). Hence the
following are all equivalent:
o [f] €kerd
o f(1)=2[f] =2 for all € p~!(z0)
e fis a closed loop at & for all &
e plfl € pmi(X.3)
i [f] € niey DxT1 (X, j)
The equivalence of the first and last conditions is what we originally wanted.
(ii) Note that X being simply connected implies that [ p*m(f( , @) is trivial. Hence ker 6 is trivial, so 6 is an
injection.

Exercise 10.14. We know that G is a covering space for G/H with p: g — gH. Let 0 : 7(G/H,1) — Sg be
as defined in [Exercise 10.13] Since G is simply connected, we know that ¢ is injective. Hence (G /H,1) =

im@. Note that 0 takes T f~(1)7 where f(0) = Z. But these path lifts in im 6 correspond precisely to
elements of H, since f(1) € kerp = H.

Exercise 10.15. Every subgroup of an abelian group is normal. Hence p,m; ()N( ,Zo) is a normal subgroup
of m1(X, zo). This is the definition of a regular covering space.

Exercise 10.16. Pick z € X. Let § € ¢~ !(z) and & = h(g). We have the following diagram:

(

Y, 9) - (X
v
(X, )

Pick some path fx : 1 — X with fX(O) = Z. Define f = pfx. There is a unique fy lifting f to (177
i.e., with fy(0) = j. But now notice that hfy is a path lifting f into X such that (hfy)(1) = h(j) =
Uniqueness implies that h fy = fX.

Now im h contains im f,, which contains x. Thus z € im h. Since x was arbitrary, this proves that h is
surjective.

aj)

v),
z.

60



Exercise 10.17. Let &y € p~!(2¢). Now consider the following statements, all of which are equivalent:

4 [f] € p*Wl(Xv fi'())
[f] stabilizes &

To[f] = To
e f(1) = Z where f is the lifting with 0 — &g
o fi

is closed at I

Covering Transformations

Exercise 10.18. The isomorphism is the composition of two isomorphisms. The first is Cov(X/X) —
Aut(p~t(xo)) which takes h to h|p~!(z¢). The second is Aut(p~!(zg)) — m1(X,x¢) which takes ¢ to [f1]
where f is the well-defined path so that ¢(Zg) = Zo[f] for Zg in the fiber over zg.

Hence the isomorphism Cov(X/X) takes h to the map [f~!] defined by h(Z) = Zo[f] for &y € p~*(a0).

Exercise 10.19. No. Any neighborhood of p € S™ is necessarily going to include some gp, thus making an
even covering of any neighborhood impossible. To see why any neighborhood of p intersects {¢q : ¢ ~ p} at a
point that isn’t p, simply note that the equivalence class of p is connected.

Exercise 10.20. This is exactly the same argument as Example 10.2.

Exercise 10.21. Suppose that, for each closed path f : I — X, either every lifting f of f is closed, or
no lifting f is closed. implies that p,m (X, Z0) = p.m1(X,Z1) for all 9,71 € p~1(x). Now
Corollary 10.12 says that, if #o € p~'(zo), then gp,m (X,70)g~" = pami(X,71) for some &y € p~*(wo).
Hence the conjugate of p*m(f( ,To) is itself, making it a normal subgroup. This is true for every zg, so
(X, p) is regular.

Now suppose (X, p) is regular. Then p.m (X, o) is normal for each Z,. Corollary 10.12(i) implies that

DeTT1 (X Zo) and p,my (X Z1) are conjugate for all g, Z; in the fiber over z¢. Hence they are equal. Now use

pem (X, d0) = {[f] : f closed at &}
Hence if the lifting f to &, is closed, then so too is the lifting to Z;.

Exercise 10.22. The monodromy group is m1 (X, zo)/ ker 0 where ker 6 = (-1 (,0) P«T1 (X, ). But the

ps«’s are all equal by Corollary 10.12(i). Hence kerf = p*m()?,fco) for some %o € p~!(zg). Corollary 10.28
implies the result.

Exercise 10.23. If X is an H-space, then 7 is abelian. Hence every subgroup is normal, so every covering
space X is regular.
Existence

Exercise 10.24. It suffices to show that [f] = [f~!]. After all, if this is true, then f * f is nullhomotopic,
hence [f * f] € G, hence (f)¢ = (f~')a. But note that e ~ f o f ~ fx frell. Hence [f] = [f~'] as desired.

Exercise 10.25. A similar argument, on multiplication only, holds.

Exercise 10.26. Let U be an open cover of X.ForzeX , consider an admissible neighborhood V,, of z:

p_l(Wx) = U T,
i=1
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where T; C S;. Note that T; ~ W, and S; ~ V,, for each s = 1,...,j. Hence T; is compact, since it is
homeomorphic to a closed subset of the compact set W,.

Thus there are, for each i = 1, ..., j, finitely many sets of & which together cover T;. Take all of them to
obtain a (finite) cover of

UTZ 2 UTz :pil(Wx)'

Call this finite cover to be W,,.
Note that the family of all W,’s covers X. Since X is compact, it follows that finitely many W,’s cover
X, say Wy,,...,W,, . Then

W,, = X,
1

n
7=

which gives a finite subcover of U.

Exercise 10.27. The j-sheeted covering spaces is exactly the number of )N(Q where X’G is j-sheeted. By
Theorem 10.9(iii), this is exactly the number rof G with [m1(X,zg) : p.m(Xg,Z0)] = j. Of course, this
ps-group is exactly G, and so this is exactly the number of subgroups having index j.

Exercise 10.28. The result follows as long as any finite CW complex has a finitely generated . But this
can be seen to be true by Van Kampen.

Orbit Spaces

Exercise 10.29. We know by Theorem 10.54 that Cov()?/()?/HD = H, and so we can think of G as a

subgroup of Cov()~(/~()~(/H)). Now use Theorem 10.52, with X = X/H. We know, in particular, that G is
a subgroup of Cov(X/X), and thus is exactly a covering space (X /G,v) of X = X /H, as desired.

Exercise 10.30.

(i) Suppose gx = z and consider a proper neighborhood V of . Then we know that gV NV = ), but
z =gz € gV NV, contradiction.

(ii) G ={e,g1,...,9n} and x € X, then, since X is Hausdorff and since g;z # z, there exists a neighborhood
V of X which does not contain any g;x. Obviously, this V is a proper neighborhood.

Exercise 10.31. This is exactly the argument in the proof of Theorem 10.2, namely in the first full paragraph
on p. 276.

Exercise 10.32.

(i) The group Z/pZ acts on S® via m e (29,21) = ((™20,({™%2;). This action is proper because part (ii) of
Exercise 10.30| obviously applies.

(i) Note that S®/(Z/pZ) is exactly L(p,q). Thanks to the previous part, Theorem 10.54(ii) applies, which
implies that
m1(L(p,q)) = m(S*/(Z/pZ)) = Z/pL.

(iii) We know that L(p,q) inherits the local properties of S?, since there is a local homeomorphism between
them. Thus L(p, ¢q) is a 3-manifold.

If U is an open cover of L(p,q), then p~1(U) is an open cover of S3. Hence finitely many elements
of p~X(U), say p~1(U;) for i = 1,...,n, cover S3. But then {Uy,...,U,} is a finite subcover of & which
covers L(p, q), proving compactness.

Finally, note that A C L(p, q) clopen implies that p~*(A) is clopen in S%. Hence p~1(A) = (), S, and
so A=10, L(p,q). Thus L(p, q) is connected too.

Exercise 10.33. Notice that T — T'/G is a universal covering space since T is simply connected. Moreover,
since T'/G is a connected 1-complex, we know by Corollary 7.35 that 71 (T'/G) is free. But Theorem 10.54(iii)
implies that 71 (T/G) = G, and so G is free.
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11 Homotopy Groups

Function Spaces

No exercises!

Group Objects and Cogroup Objects

Exercise 11.1.

(i) By definition of a product, there is a unique morphism 0 : (X, q1,q2) — (C1 x Ca,p1,p2) in € making
the diagram commute, namely 6 = (q1, ¢2)-

(ii) The objects are ordered triples (X, ki, k2) where X is a set and k; : C; — X are functions. Morphisms
0: (X, ki, ko) — (Y, £1,05) are functions 6 : X — Y making the following commute:

RS

Cy 0 Cy

D

Y

Exercise 11.2. We first tackle Ab.

The map 6 : X — G @ G2 in the product diagram is given by 0(g) = (¢19, ¢29). Commutativity follows
from the fact that p;(0(g)) = ¢;(g9). Uniqueness of 6 follows from the fact that any other 6’ must satisfy
0'(9) = (91, 92) where g; = pi(g1,92) = ¢i(g). Hence ¢’ = 6.

The map 7 : G1 ® G2 — X in the coproduct diagram is given by (g, h) — ki(g) + k2(h), where + denotes
the operation in the abelian group X. We can easily check commutativity and uniqueness using the fact
that n must be a group homomorphism.

Now, for Grp, note that the free product property on p. 173 is exactly the coproduct property. The
same argument as in the abelian case shows that direct product is the product in Grp.

Exercise 11.3.

(i) We will show this for Top,,. Suppose we have ((X, z), k1, ko). It is obvious that the map 0 : (A;V Ag, ) —
(X, x), if it exists, must take * to z, and * # a; € j;(4;) to k;(a;). We need only show that this map 6 is
continuous. (In contrast, the proof has already been completed for Set.; commutativity of the relevant
diagram is obvious from the definition of 6.)

Suppose U C X is closed. Note that 0~ (U) N A; = k; '(U). (This statement is clear if x ¢ U. If
x € U, then

07 U)N A = (071 (U N\ {z}) N A) U {x} = k7 (U \ {z}) U{ai} = k71 (D),

which proves the statement anyway.) The definition of the topology of the wedge (see Example 8.9)
implies that 6~1(U) is closed. Hence @ is continuous, completing the proof.

(ii) Call this subset S. The map f : A; V Ay — S which takes a € A; (or, more accurately, a € j;(4;)) to
(a,a2) if i = 1 and to (a1, a) if ¢ = 2 is continuous by the previous argument. It is clearly bijective and
closed, since a closed set F' in Ay V As is still closed in A; x As. Thus it is a homeomorphism.

Exercise 11.4. Commutativity follows from the interchanging of C; and C5 in the definition. To see
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associativity, consider the following diagram:

/ (C1 x Cy) x Cs
C1 x Cy \
/ / 03

/

Cl C(2

|

X

/

There is a unique map X — (Cy x Cq) x C3 making this diagram commute.
Now define p; : (C1 x C3) x C3 — C; to be the composition of the red arrows below. Furthermore, the
product property of Cy x C3 implies the existence of the following blue and green arrows:

/ (01 X 02) X Cg,

Cl><02 C2><CS

-~

Ch

/

02 03

I

X

/

Let pa be the blue arrow. The fact that there is still the same unique map X — (C7 x Cs) x Cy making this
commute, then, implies that (C; x Cs) x Cj is the product of Cy and Cy x Cj3, thus proving associativity.

Exercise 11.5.

(i) We would like to find f; x fo making the following commute:

CQ%DQ

T T

ClXCQ%DlXDQ

| |

o —>L

But the existence of maps C7 x Cy — C; — D; implies, by the product property of Dy x Ds, a unique
map f1 X fs into Dy X Dy making the diagram commute.

(ii) Same idea.
Exercise 11.6.

(i) Note that Ax is the unique map making the red part of the diagram commute, while g; X g2 is the unique
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map making the blue part commute:

But of course, since the maps ¢; 0o 1x = X — X — D, are equal to simply the maps ¢; : X — D;, we
know that the unique map X — D; x Dy making this entire diagram commute is (g1, ¢2). Uniqueness
implies that (g1, ¢2) must be equal to (¢1 X ¢2)Ax.

(ii) This is the same idea.
(iii) We already showed the first statement. For the second, notice that Vg(fxg) = (f,g). But (f,9)Aa(a) =
(f(a),g(a)) = (f + g)(a) because A® B= A1l B.

Exercise 11.7.

(i) Everything follows from the hint, except that we must verify that 1xxz and 6\ complete the given
diagram. Commutativity of the left triangle is obvious in both cases. To see that qlx«z = t, note that
Z being terminal implies that ¢ = ¢. To show that ¢\ = ¢, note that g\ : X x Z - X - X x Z — Z.
Thus Z being terminal again implies the result.
Now € and A are inverses, and so X x Z and X are equivalent.

(ii) This is the dualized version of the previous part.
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